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Abstract

The iterative soft thresholding algorithm (ISTA) is one of the most popular opti-
mization algorithms for solving the ¢; regularized least square problem, and its linear
convergence has been investigated under the assumption of finite basis injectivity prop-
erty or strict sparsity pattern. In this paper, we consider the ¢; regularized least square
problem in finite- or infinite-dimensional Hilbert space, introduce a weaker notion of or-
thogonal sparsity pattern (OSP), and establish the Q-linear convergence of ISTA under
the assumption of OSP. Examples are provided to illustrate the cases where the linear
convergence of ISTA can be established only by our result, but cannot be ensured by
any existing result in the literature.
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1 Introduction

Let H be a Hilbert space, and let [? denote the Hilbert space consisting of all square-
summable sequences. Let N € NU {+oo} be fixed, and write
RN, if NeN {1,...,N}, if NeN
2 . ? ’ e ) ) 9 ’
Iv = { 2,  otherwise, and Iy i= { N, otherwise.
In this paper, we consider the following ¢; regularized least square problem
N

1
min = | Ku— h|*+ Wk |Uuk|, 1.1
iy 1w =17+ 3l (1)
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where K : 112\[ — H is a bounded linear operator, and w := (wy) is a sequence of weights
satisfying
wr > w>0 forany ke Zy. (1.2)

In the last decade, problem (1.1) has been widely studied to approach a sparse approximate
solution of the linear inverse problem and gained successful applications in a wide range of
fields, such as compressive sensing [8,9,11], image science [4,6,13], systems biology [25,27,30]
and machine learning [1,19,22] in finite-dimensional spaces; and Fourier analysis [2,7] and
Harmonic analysis [12,16] in infinite-dimensional spaces.

Motivated by successful applications of the ¢; regularization problem (1.1), many prac-
tical and efficient optimization algorithms have been proposed to solve problem (1.1);
see [9,15,18-23,31,32] and references therein. In particular, the iterative soft thresholding
algorithm (in short, ISTA) is one of the most widely studied first-order iterative algorithms
for solving problem (1.1). The ISTA was originally proposed to solve the image deconvolu-
tion problem in Euclidean spaces, independently introduced by Figueiredo and Nowak [14]
to approach a penalized maximum likelihood estimator under the name of EM algorithm,
and by Starck et al. [28] to minimize a total-variation regularized least square problem; and
it was first investigated in [10] for Hilbert spaces. The ISTA is formally described as follows.

Algorithm 1. Let an initial point u° € l]2v be given. Having u”, we choose a step size
sp, > 0 and determine u"*! by

u" =8, ,(u" — s, K*(Ku™ — h)),
where S, : I3 — % is a soft thresholding operator, defined by
Ssnw(v) := (sign(vy) - (|vg| — spwy),)  for each v := (vy) € I} (1.3)

Under the assumption that the step sizes {s,} satisfy

0<s<s,<s<

2
TAE for any n € N, (1.4)

the (strong) convergence result of the ISTA with the initial point u" € l]2v satisfying

N
> wiluf] < oo (1.5)
k=1

(noting that this condition holds automatically for any u® € 1% in the case when N < c0)
has been established in [5] for finite-dimensional spaces and in [10] for infinite-dimensional
spaces, respectively.

In recent years, many articles have been devoted to the study of convergence rates of the
ISTA, including convergence rates in terms of objective values and iterates; see [4,7,17,24,29]
and references therein. In this paper, we concentrate on the linear convergence of the ISTA
in terms of iterates. For I C Zy, we define Et and K|; : E; — H respectively by

Er:={ucl% :up=0foreach k € I°} and K|;(u):= Ku for eachu € E;.  (1.6)



K is said to satisfy the I-basis injective property (in short, I-BI) if K|; is injective.

Based on the convergence result and under the basic assumptions (1.4) and (1.5), the
linear convergence of the ISTA has been established in [7,17,29] under some additional
assumptions. In the case when N < oo, Hale et al. [17] proved the linear convergence of
the ISTA for the special case when wy, = pu and under either of the following assumptions
held at the limiting point u* of the ISTA:

e J-BI: The operator K satisfies the J-BI (at z*) with
J = {k €In: |(K*(KU* - h))k‘ = wk}; (17)

e SCC: The strict complementarity condition is satisfied at u*, i.e., supp(u*) = J.

In 2016, Tao et al. [29] developed a new approach, based on spectral analysis, to provide
a linear convergence analysis of the ISTA under the assumptions that problem (1.1) has a
unique solution and that the SCC is satisfied at this solution; this new approach can also
be used to establish the linear convergence of the FISTA, which was proposed by Beck and
Teboulle [4]. Considering the infinite-dimensional case (i.e., {3, = [2), Bredies and Lorenz [7]
established the linear convergence of the ISTA under either of the following assumptions:

e F'BI: The operator K has the finite basis injectivity property, i.e., K| is injective for
any finite subset I C N;

e SSP: The strict sparsity pattern is satisfied at the limiting point v* of the ISTA i.e.,
it holds for any k € N that

wi=0 = |[(K*(Ku* — h))| < wp

Note that the FBI does not depend on the limiting point u*, while the J-BI is crucial in
the establishment of linear convergence of the ISTA; see [7, Remark 8| for details. In the
special case when N < oo, the FBI implies the J-BI, and that the SSP is equivalent to the
SCC.

Inspired by the notions of FBI and SSP, we introduce a new notion of the orthogonal
sparsity pattern (in short, OSP), which is weaker than either FBI or SSP; see Remark 1.2
for details. Let the solution set of problem (1.1) be denoted by S. For a closed linear
subspace C of lJQV, we use Po to denote the metric projection onto C', that is,

Pco(u) := argmin,co|lv —ul| for any u € 1%

In particular, (Po(u)); = u; when ¢ € I and (Pc(u)); = 0 otherwise, where C' = E defined
by (1.6).

Definition 1.1. Let u* € S, and let J be defined by (1.7). A bounded linear operator
K l12\, — H is said to have the OSP at u*, if there exists an index set I C Zy with

{keJ:iu,=0CICJ (1.8)
such that K satisfies the I-BI (i.e., K|; is injective) and

(K Pg,(u), KPg,,,(u)) =0 for any u € 13 (1.9)



Remark 1.2. (i) The set J defined in (1.7) is a finite set. Indeed, it is trivial when 1%, = RY;
otherwise, by (1.2) and (1.7), one has that

[Tl <D lwnl? = D0 1E(Ku® = h)if? < 1K (Ku® = h))il? < oo

keJ keJ keN

This shows that J is a finite set.
(ii) By (i) of this remark, the following implications/equivalence are true by definition.

FBI = JBI = OSP;

and
SSP & SSC = OSP.

The main result of this paper is presented in the following theorem, where the Q-linear
convergence of the ISTA is ensured provided the OSP, a weaker assumption than the one
assumed in [7,17].

Theorem 1.3. Let {u"} be a sequence generated by Algorithm 1 satisfying (1.4) and (1.5).
Then {u"} converges to a solution u* of problem (1.1). Suppose that K possesses the OSP
at u*. Then {u™} linearly converges to u*, that is, there exist A € (0,1) and M € N such
that

| u™ ™ —w*|| < M|u™ —u*||  for any n > M.

By Theorem 1.3 and Remark 1.2, we directly obtain the following corollary, which was
proved in [17] for the case when N € N and in [7] for the case when N = oo.

Corollary 1.4. Let {u"} be a sequence generated by Algorithm 1 satisfying (1.4) and (1.5).
Then {u"} converges to a solution u* of problem (1.1). Moreover, {u"} linearly converges
to u* provided either of the following assumptions:

(a) the J-BI is satisfied;
(b) the SSP is satisfied at u*.

The proof of Theorem 1.3 is presented in the next section. Examples are provided in
section 3 to show the cases where our result in this paper is available but neither the one
in [17] nor the one in [7].

2 Proof of Theorem 1.3

Let I CZy and C C l%v. As usual, we use C- and I¢ to denote the orthogonal complement
of C and the complementary of I, respectively. As presented in the preceding section, let
K 1]2\, — H be a bounded linear operator. The kernel and image of K are respectively
defined by

kerK ={ucly:Ku=0} and imK = {Ku:ucl%}.

The restriction of K on C'is denoted by K|c : C — H and defined by

Klo(u) :== Ku for each u € C.



Note by (1.6) that K|; = K|g, for each index set I C Zy.

To accomplish the proof of Theorem 1.3, we first present some basic properties of the
projection operator in the following lemmas, in which Lemma 2.1(a) (resp. (b), (¢), (d)) is
taken from Theorem 3.14 (resp. Corollary 3.22(iii), (vi), Proposition 3.19) of [3], Lemma
2.2 is a direct consequence of [3, Fact 2.18] and Lemma 2.1(c).

Lemma 2.1. Let C' be a closed linear subspace of 112\, and x € l12v- Then the following
assertions hold:

(a) z= Po(x) if and only if z € C and x — z € C* for anyy € C;

(b) Pc is a linear and continuous operator with || Po ||< 1;

(c) P& =Fe;

(d) Pc is idempotent, i.e., Pé = Pc.

Lemma 2.2. Let I C Zy. Then the following assertion holds:
(ker(K Pg,))" = im(Pg, K*).

Lemma 2.3. Let x € 112\[ and y € 12, and let I} C Iy and Iy C Iy be such that [y NIy = ()
and

(K Pg, (u), KPg,, (u)) =0 for anyu € 13%. (2.1)

Then the following assertion holds:
(K P, (z), KPpg, (y)) = 0.
Proof. Let u:= Pg, (z) + Pg, (y) € 1%,. Then it follows that
(KPg, (z), KPg,,(y)) = (KPg, (v), KPg, (u)) =0
(due to (2.1) and Lemma 2.1). The proof is complete. O

Associated to problem (1.1), one can directly check by using the optimality condition
of convex optimization [26] that

= W, if uj >0,
uesS & (—K'(Ku"—h)p{ €[-wg,wkl ifu;y =0, forany keZyn. (2.2)
= —w, if u, <0,

For the remainder of this section, we always assume that
(A1) {u"} is generated by Algorithm 1 satisfying (1.4) and (1.5);

(A2) u* :=lim, o u™ € S.



For simplicity, we further write
v* = —-K*(Ku*—h) and o":=—K*(Ku"™—h) for each n € N. (2.3)

Then we have that
v* = limy, 00 V. (2.4)

Next, we provide the following three lemmas for the iterative procedure of Algorithm 1.
Recall that J is defined by (1.7).

Lemma 2.4. Let I C J. Then there exists M € N such that
Pg.(u" —u") = Pg, (u" —u") for anyn > M. (2.5)
Proof. By (1.7), (2.2) and (2.3), one has that
Je=AkeIn:|v| <wip} C{k €Iy :u;=0} (2.6)

Set vj; = 0 and wy = w for each £ > N in the case when N < +o0. Then v* € 12 for each
N € NU {+o00}. Hence it follows that limj_,o |vj| = 0, and so it follows from (1.2) that

limy o0 % < limpg_yoe % = 0. Fix 79 € (0,1). Then there exists M € N such that

*
Mgm for any n > M.
Wi

Let 7 := max {To,max{l%’? ke Jok < M}} Hence we have that 7 € (0,1) and that
vy € [—Twk, Twy] for any k € JC. (2.7)

By assumption (A2) and (2.4), there exists M € N such that

1_
u — u¥|| < ——

1—
sw and |o" =¥ < TTQ for any n > M. (2.8)

Fix i € J¢ and n > M. Note by (2.6) that ] = 0 and by (1.2) that w; > w > 0. Then it
follows from (2.8) and (1.4) that

1-— 1-—
ui'| = |ui" — ug| < 2T§g§ 2T5nwi,
and from (2.7) and (2.8) that
N N 1—71 1—71 1+7
|Uzn|§|U:L_U1;|+|Ui|STg-i-TwiSTwi—FTwi: 5 Wi

Combining the above two inequalities, we obtain that |[ul + s,07"| < [ul| 4 sp|vl| < spw;.
Hence, in view of Algorithm 1 and by (2.3), one has that

uf T = sign(u + s,00") - (Ul + 8,07 — spw;), = 0.

6



Since i € J¢ is arbitrary, we have that
Pg,.(u") = 0. (2.9)
Note that Ep\; L Eje and Ere = Ej\;+ Eje (since I C J). Then it follows that
Pr,. (1) = Pr, () + P, (u™) = P, (") (2.10)
(due to (2.9)). By (2.6), we obtain that
Ppge(u*) = Pg,e(u) + Pg,, ,(u") = Pg,,, (u").
This, together with (2.10) and Lemma 2.1(b), implies (2.5), and the proof is complete. [J

Lemma 2.5. Let I C J be such that the I-BI and (1.9) are satisfied. Then there exist
A€ (0,1) and M € N such that

HPEI(U”+1 —u")|| < M| Pg, (u" —u")|  for any n > M. (2.11)

Proof. By assumption, Lemma 2.4 is applicable to concluding that there exists M € N such
that (2.5) holds. One checks by definition (cf. (1.3)) that Sg ., is nonexpansive, that is,

185,0(uw) — Ss,w(@)|| < |lu—v| for any u,v € I1%. (2.12)
Fix n > M. In view of Algorithm 1, by (2.12) and Lemma 2.1(b), one has that

1 Pg, (™ —u*)|| = || Pr; (Sspw (™ — sn K*(Ku™ — h)) — Sg,0(u* — s, K*(Ku* — h)))]|
= ||Ss,wPE; (" — sy, K*(Ku" — h)) — S, Pg, (u* — s, K*(Ku* — h))||
<||Pg, (u" — sp K*(Ku™ — h) — (u* — sp, K*(Ku* — h)))||
= 1Py (T — s I K) (u — u)]|.

Noting that u = Pg,.(u)+ Pg, (u) for any u € l?\,, we obtain by Lemma 2.1 that Pg, Pg,. =0
and Pg, is linear idempotent, and then it follows from above that

1P, (u" ! —u*)]|
<||Pg,({ = sn K*K)Pg,(u" —u*) + Pg,({ — s, K*K)Pg,.(u" —u*)|| (2.13)
= ||(PE1 — SnPEIK*KPEI)PEI (u” — u*) — SnPEIK*KPEIc (u” — u*)H

Then we claim that
P, K*KPg,.(u" —u") = 0. (2.14)

Indeed, by (2.5) and Lemma 2.1(c)-(d), we obtain that
1P, K* K Ppc (u" —u)|? = ||[Pp, K*KPg,,, (u" —u")|?

= (P, K"K Pg,, ,(u" — u"), Pp, K"K P, ; (u" — u"))
= (KPg,,,(u" —u"), KPg, K*KPg,, ,(u" — u")).

By assumption that (1.9) is satisfied, Lemma 2.3 is applicable (with I, J\ I in place of Iy,
I5); hence we proved (2.14).



Together with (2.14), (2.13) is reduced to

HPEI (un—i-l - U*)H < H(PEI - SnPEIK*KPEI)PEI(un - U’*)H (2.15)
< ||Pg; — $n P, KK P, ||| Pe, (u" — u)].
We end this proof by estimating ||Pg, — s, Pg, K*KPg,||. One has by definition that

||PEI - S’VZPEIKv*]:{PE]”2
= SU‘p||u||:1<(PE1 - STLPEIK*KPEI)(U)v (PEI - STLPEIK*KPEI)(U)> (2'16)
= sup|y =1 | P, (W)|* — 250 (Pp, (u), Pr, K*K Pp, (u)) + s3|| P, K* K P, (u)|*.

By Lemma 2.1, one has that

(Pg, (u), Pp, K*K Pg, (u)) = (K Pg,(u), KPg,(u)) = | K Pg, (u)|?, (2.17)
and that

1P, i K P, (u)|* < || K Pr, ||| K Pp, (u)||* < || K[| K P, (u)]|. (2.18)

Together with (2.17) and (2.18), (2.16) implies that

* Sn
| P, = 5P, KK Py |2 < sup [P, (w)]]? = 250 (1= SHIK[) [ K P, (). (2:19)

[[ul| =1

Note by assumptions that F; is finite-dimensional and that K|; is injective. There exists
a € (0,]|K|]?) such that

| K Pg, (u)|| > «||Pg, (u)|| for any u € I%. (2.20)
Also note by (1.4) that
Sn 9 s 9
o >s(1-2 . .
oo (12K ) = s (1 I ) >0 (2.21)

Together with (2.20) and (2.21), (2.19) yields that

* s
IPey = P KK Py, 2 < s (123 (1 SIKIE) o2 PR (22
ul|=1

Let \ := \/1 —2s(1—3||K|[?)a? € (0,1) (by (1.4)). Noting by Lemma 2.1(b) that
| P, (u)]| < ||lu|| we have by (2.22) that

HPEI _SnPE[K*KPEIH <A (2.23)
This, together with (2.15), implies (2.11), and the proof is complete. O

Lemma 2.6. Let I C Zy be such that (1.8) and (1.9) are satisfied. Then there exist
A€ (0,1) and M € N such that

Pe.. (u" T — uM)|| < M|Pg,. (u™ — u* for any n > M. 2.24
I I



Proof. By assumption (A2) and (2.4), there exists M € N such that
n * T n * T
|u —ui\gg and |v] —vi\gf for any n > M. (2.25)
5
Fix n > M. We first show that

Py, (") = Pg,, (I — sy K*K)(u" — u*) + Pg,, , (u*). (2.26)

NI

To this end, we define
T :={k eIy :uy,#0}. (2.27)

It follows from (1.7) and (2.2) that 7" C J, which is a finite set (see Remark 1.2). Let
7 := min{w, min {|uj| : k € T}} > 0 and fix ¢ € T. Then it follows that |uf| > 7 > 0.
Without loss of generality, we assume that

u; > 71 >0; (2.28)

so we obtain by (2.2) that
vy = w;. (2.29)

Note that
n no__ % n * n * * * n * n * *
uil + snvi’ = Ui+ up —ug 4 sa(v) —v7)  sav > i — [ut — ug] = salvi’ — i + sy

This, together (2.28), (2.25) and (2.29), yields that

T SpT
u?—{—snvf27‘—5—%+snwi23nwi>0

(due to (1.4)). This says that sign(u]' + s,v}") > 0 and that |[u]' + s,0]"| — spw; = uf'
spUl* — spw; > 0. Therefore, in view of Algorithm 1, one has by (2.29) that

L — 4 sl — spwi = ul — uf 4 s, (0 —of) Ful = (I — s, KK (u™ — u*)); + uf

U;

(due to (2.3)). Noting by (1.8) and (2.27) that J \ I C T and recalling that i € T is
arbitrary, we obtained (2.26).
Let U := ker(K Pg,,,). By Lemma 2.2, one has that

Ut =im(Pg, K*). (2.30)
Next, we show that
| Pre(u™™ — u*)|| < ||Pyr — s$n Py K*K Py ||| Peye (u™ — u¥))|. (2.31)
To show this, employing Py on both sides of (2.26), we obtain by Lemma 2.1(b) that
PyPg,,, (unth) = PyPg,, ,(u" —u*) — s, Py Pg, K*K(u" — u*) + Py Pg,, ,(u")

= PyPg,,,(u") — sn Py Pg,  K*K(u" —u”).
(2.32)



Noting by (2.30) that P, ,K*K(u" —u") € U+, it is easy to see from Lemma 2.1(a) that
PyPg, K"K (u" —u*) = 0. This, together with (2.32), implies that

PyPg,,,(u"™) = PyPg, , (u").

Noting by assumption (A2) that lim,_,. v = u* and that n > M is arbitrary, we obtain
by Lemma 2.1(b) that
PUPEJ\I (u") = PUPEJ\I (u*) (233)

Then it follows from (2.33) and Lemma 2.1(b) that
Pg, (0" —u") = PyPg, (u" —u") + Py Pg, (u" —u") = Py Pg, (u" —u"). (2.34)
Employing P on both side of (2.26), we have by Lemma 2.1(b) that

PUJ-PEJ\I(Un+1 — u*)
= Py1Pg, (I — s, K*K)(u" — u*)
= PUJ-PEJ\I(I - SnK*K)PElc (u” - u*) + PUJ-PEJ\I(I - SnK*K)PEI(un - u*)
= PUJ-PEJ\I(I — SnK*K)PElc (u" — u*) — STLPUJ-PEJ\IK*KPEI(U” — u*)
(2.35)
By assumption, Lemma 2.4 is applicable to ensuring (2.5). Then it follows from Lemma
2.1(b) and (d) that

PUJ‘PEJ\I (I - SnK*K)PEIC (u” - u*)
= Py Py, (I — sy K*K)Pg,,  (u" — u*) (2.36)
= (Pys — sn Py P, K*KPy.)Pg,,  (u" — u*)

(due to (2.34)). By definition of U+ (cf. (2.30)), one has that Py Pg, K" = Py K™
for any v € H. This, together with (2.36), implies that

PUJ-PEJ\I (I — SnK*K>PEIc (u” — u*) = (PUJ_ - SnPUJ-K*KPUJ-)PEJ\I (u” — u*) (2.37)
On the other hand, by (2.30) and Lemma 2.1(c)-(d), we have that

| Pys P, K* K Pr, (u™ — u®)|?
= <PUJ_PEJ\IK*KPEI(UTL — u*), PUJ-PEJ\IK*KPEI (u” — u*)>
= (K Pg,(u" —u"), KPg, Py Pg, [ K*KPg, (u" — u")).

Note by (1.9) that Lemma 2.3 is applicable to concluding that
Py Pg, K"K Pg, (u" —u") = 0. (2.38)
Together with (2.37) and (2.38), (2.35) is reduced to
Py Pg,,, (u" T —u*) = (Pyo — snPyL K"K Py1) P, (u" —u”). (2.39)

Note by (2.5) and (2.34) that Pre(u" —u*) = Pg, ,(u" —u") = Py Pg,, (u" —u*). This,
together with (2.39), yields (2.31).
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Recall that J is finite (see Remark 1.2), and so U+ is finite-dimensional (by (2.30)). We
also claim that K| . is injective. Indeed, let u € U+ be such that

Ku =0. (2.40)

By (2.30), there exists v € H such that u = P, ; K*v; hence (2.40) says that K Pp,, ,K*v =
0. Then it follows from Lemma 2.1(c)-(d) that

|[ull* = || Pg,,, K*v|* = (Pg, ,K*v, Pg, ,K*v) = (K Pg, , K*v,v) = 0.

Thus we proved that K|;. is injective, as desired.
Thus, by the arguments as we did for (2.23) (and by (2.30)), we obtain that there exists
A € (0,1) such that
HPUL - SnPULK*KPULH < A

This, together with (2.31), yields (2.24), and the proof is complete. O
Now we are ready to provide the proof of Theorem 1.3 as follows.

Proof of Theorem 1.3. As mentioned in the preceding section, {u"} strongly converges to
u* € S. By assumptions of Theorem 1.3, the blanket assumptions in this section and the
assumptions of Lemmas 2.5 and 2.6 are satisfied. Then the conclusion follows. 0

3 Examples

In this section, we provide two examples to show the cases where our result in this paper
is available but neither the one in [17] nor the one in [7]. The first example is illustrated in
Euclidean space, and the second one is demonstrated in infinite-dimensional space.

Example 3.1. Consider problem (1.1) with

(-1 1 -1 2 _ T _ T
K<1 11 2), h=(-3,5)" and w=(4,2,4,8)".

By (2.2), we have that v* € S if and only if

0 € 2u] + 2uj — 8 + 4 Sign(uj),
0 € 2u3 + 4uj — 2 + 2 Sign(u?), (3.1)
0 € 2u} + 2uj — 8 4 4 Sign(u}), '

0 € 4us + 8uj — 4 + 8 Sign(uy),

where
{1}, t>0,
Sign(t) :=< [-1,1], t=0, foranyteR.
{-1}, t<0,

Clearly, the second and fourth inclusions of (3.1) are equivalent to that u} = 0 and u} = 0;
while the first and third inclusions of (3.1) are equivalent to that uj + u} = 2. Therefore,

we have that
S=1{(a,0,2—0a,0": 0<a<2}. (3.2)

Write 2* := (2,0,0,0)” and 3* := (0,0,2,0)”. Then we have that

11



(i) neither J-BI nor SSP is satisfied at any u* € S;
(ii) OSP is satisfied at each u* € S\ {z*,y*}.
Indeed, by (3.2), it is clear that

{1}, if u* = 2*,
supp(u*) = ¢ {3}, if u* = y*, (3.3)
{1,3}, ifu* e S\ {z* y*}.

For each u* € S, one checks that
* * T -1 1 -1

hence we observe from (3.3) and (3.4) that K| is not injective and that supp(u*) # J.
Thus assertion (i) is verified. Fix u* € S\ {z*,y*}. Note by (3.3) that supp(u*) = {1, 3}
and note by (3.4) that J = {1,2,3}. Let I = {2}. Then one checks by (3.4) that (1.8),
(1.9) and the I-BI are satisfied; consequently, assertion (ii) is proved.

Let u® = 0 and s, = s € (0, £) (||K|| = v/10), and let {u"} be a sequence generated by
Algorithm 1. Below, we show that {u"} linearly converges to a solution of problem (1.1).
In view of Algorithm 1, one has that

u = (1—(1—45)",0,1— (1 —4s)",0)7 for any n € N.
Since s € (0, 1), it follows that

lim v" = (1,0,1,0)T € §

n—oo

(due to (3.2)). Noting by assertion (ii) that the OSP is satisfied at (1,0, 1,0)T, we obtain by
Theorem 1.3 the linear convergence of {u"} to (1,0,1,0)”. However, according to assertion
(1), neither the result of linear convergence in [17] nor the one in [7] is available when solving
this example.

Example 3.2. Consider problem (1.1) with K : [2 — [? being defined by

Ku = (uy + ug, us, ug,us,ug, -+ )" for each u = (uy) € 1%,

h:= (2, %, i, %, %, )T and w = (1,1, %, %, %, %, --)T. Then problem (1.1) is equivalent to
1 > 1 1 1
min (2(u1 +uy — 2)2 + |ug| + ]uz|> + ;min <2(uk - %)2 + 5]uk]> . (3.5)

Let u* € S. Clearly, the first minimization of problem (3.5) is equivalent to that u}+ub = 2;
while the others are equivalent to that u3 = 12—5 , Uy = % and uj, = 0 for each k > 5.
Therefore, we have that

2 1
= l—a,—, — o <a<y. .
S {(CL, a, 1572070707 ) O_G_ } (3 6)

12



» 1 150 207

Write z* = (1,0, ,210,0 0,---)T and y* := (0,1,2,2%,0,0,---)T. Then we have
assertions (i) and (ii) in Example 3.1. Indeed, by (3.6), it is clear that

{1,3,4}, if u* = a*,
supp(u*) = ¢ {2,3,4}, if u* = y*, (3.7)
{1,2,3,4}, ifu* € S\ {z*y"}.

For each u* € S, one checks that

11111
K*(Ku*—h)|=1,1,=,=,=,=,=,---)F
‘ ( u )‘ (7 75757576777 ) )
and so
110 00
0 01060
00010
J:{1,2,3,4,5} and K|J: 00 0 0 1] (38)

00000

hence we observe from (3.7) and (3.8) that K| is not injective and that supp(u*) # J. That
is, assertion (i) is verified. Fix u* € S\ {z*,y*}. Note by (3.7) that supp(u*) = {1,2, 3,4}
and note by (3.8) that J ={1,2,3,4,5}. Let I = {5}. Then one checks by (3.8) that (1.8),
(1.9) and the I-BI are satisfied; hence assertion (ii) is proved.

Let ' = 0 and s, = s € (0,1) (||[K|| = v/2), and let {u"} be a sequence generated by
Algorithm 1. Below, we show that {u"} linearly converges to a solution of problem (1.1).
In view of Algorithm 1, one has that

%—%(1—25)"
3—52(1—25)’1
L2 e
u = |35~ 31 —9)" for any n € N.
0
0
Since s € (0,1), it follows that
11 2 1
1 n_ (.- —_ “e T
nh—golou _(27271572())0707 ) GS

(due to (3.6)). Noting by assertion (ii) that the OSP is satisfied at (3, 3, &, 55,0,0, -+ )7,
Theorem 1.3 is applicable to concluding that {u"} linearly converges to (% %, 125, 210, 0,0,---)T.
However, according to assertion (i), the result of linear convergence in [7] is not available

when solving this example.

13
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