Convergence of a Ulm-like method for square
inverse singular value problems with multiple and
zero singular values
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Abstract. An interesting problem was raised in [STAM J. Matrix Anal. Appl. 32 (2011), 412-429]:
whether the Ulm-like method and its convergence result can be extended to the cases of multiple and
zero singular values. In this paper, we study the convergence of a Ulm-like method for solving the
square inverse singular value problem with multiple and zero singular values. Under the nonsingularity
assumption in terms of the relative generalized Jacobian matrices, a convergence analysis for the
multiple and zero case is provided and the quadratical convergence property is proved. Moreover,
numerical experiments are given in the last section to demonstrate our theoretic results.
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1 Introduction

The inverse singular value problem (ISVP) arises in different applications such as the determination
of mass distributions, orbital mechanics, irrigation theory, computed tomography, circuit theory, etc.
[12, 13, 15, 16, 17, 19, 21, 26, 27, 30]. In the present paper, we consider the following special kind
of ISVP. Let p and g be two positive integers. Let R? denote the p-dimensional Euclidean space and
RP*4 be the set of all real p x ¢ matrices. Let m and n be two positive integers such that m > n. Let

{A; 0y C R™ ", Given ¢ = (c1,¢a,...,¢,)T € R", we define
Alc) = Ao + ZCiAi (1.1)
i=1
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and denote its singular values by {o;(c)}?_; with the order o1(c) > o2(c) > -+ > g,(c) > 0. The
ISVP considered here is, for n given real numbers {o;}?_; ordering with

o] >05> 20,20,
to find a vector c* € R™ such that {0} ; are exactly the singular values of A(c*), i.e.,

oi(c*) =0}, foreachi=1,2,...,n. (1.2)
The vector ¢* is called a solution of the ISVP (1.2). This type of ISVP was originally proposed by
Chu [5] in 1992 and was further studied in [2, 3, 5, 14, 24, 28]. In the case when m = n, we call
the problem is square. Obviously, if {A4;}7 , are symmetric, the square inverse eigenvalue problem
is reduced to the inverse eigenvalue problem (IEP) which arises in a variety of applications and was
studied extensively in [1, 4, 6, 7, 10, 22, 29].

Define the function f : R — R" by

f(c) := (o1(c) — o}, oa(c) — 05, ..., on(c) —0:)T, for any c € R™. (1.3)

Then, as noted in [2, 3, 5, 14, 24, 28], solving the ISVP (1.2) is equivalent to finding a solution c* € R"
of the nonlinear equation f(c) = 0. Recall that, in the case when the given singular values are distinct
and positive, i.e.,

oy > 05> >0, >0, (1.4)

there exists a neighborhood of ¢* where the function f is differentiable around the solution c¢* and
the singular vectors corresponding to {o;(c)}!; are continuous with respect to ¢ around c* (cf.
[3]). Thus, in this case, one can certainly apply Newton’s method for solving the nonlinear equation
f(c) = 0 to produce Newton’s method for solving ISVP (1.2). However, Newton’s method for the ISVP
(1.2) requires solving a complete singular value problem for the matrix A(c) at each outer iteration.
This sometimes makes it inefficient from the viewpoint of practical calculations especially when the
problem size is large. Chu designed in [5] a Newton-type method for solving the ISVP (1.2) which
requires computing approximate singular vectors instead of singular vectors at each iteration. Under
the assumption that the given singular values {0} ; are distinct and positive, the Newton-type
method was proved in [2] to be quadratically convergent (in the root-convergence sense). To alleviate
the over-solving problem, Bai et al designed in [3] an inexact version of the Newton-type method
for the distinct and positive case where the approximate Jacobian equation was solved inexactly by
adopting a suitable stopping criteria. Also under the assumption that the given singular values are
distinct and positive, a convergence analysis for the inexact Newton-type method was presented in
that paper and the superlinear convergence was proved. Recently, the inexact Newton-type method
(and so the Newton-type method) was extended in [24] to the multiple but positive case:

Oy =-=0, >0, > >0,>0, (1.5)
and a superlinear convergence result was established there without the distinction assumption of the
given singular values. On the other hand, motivated by the Ulm-like method introduced in [23] for
solving the IEP, Vong, Bai, and Jin presented in [28] a Ulm-like method for the ISVP (1.2). As
noted in [28], the Ulm-like method avoids solving the (approximate) Jacobian equations and hence
can reduce the unstability problem caused by the possible ill-conditioning in solving the (approximate)
Jacobian equations. Moreover, the parallel computation techniques can be applied in the Ulm-like
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method to improve the computational efficiency. Again under the assumption (1.4), they showed that
the proposed method converged at least quadratically. However, they comment that an interesting
topic is to extend the Ulm-like method to the cases of multiple and zero singular values, which needs
further investigation.

As noted in [5], zero singular values indicate rank deficiency and, to find a lower rank matrix in
the generic affine subspace:

A(c) :== {A(c)|c € R"}

is intuitively a more difficult problem. Therefore, to our knowledge, the Ulm-like method has not been
extended to the cases of multiple and zero singular values. In fact, few numerical method for solving
the ISVP (1.2) (and so the square inverse singular value problems) with zero singular values has
been explored. Furthermore, except the work in [24], there is also hardly any work on the numerical
methods for solving the ISVP (1.2) with the multiple and positive case.

Motivated by the comment proposed in [28] (mentioned above), we study in the present paper
the Ulm-like method for solving the square ISVP (i.e., the ISVP (1.2) with m = n) in the case when
multiple and zero singular values present. The condition ¢ > 0 is removed and the appearance of
multiple singular values is allowed here. That is, without loss of generality, {o}}"_, satisfies that

ol = =0,>00, >0 >0 4 =...=0,=0. (1.6)
By modifying the Ulm-like method in [28] for the distinct and positive case, a Ulm-like method for
solving the square ISVP with possible multiple and zero singular values is proposed. Under the
nonsingularity assumption used by Shen et al in [24], we show that the proposed method converges
quadratically (in the root sense) even when multiple and zero singular values are presented. It should
be noted that the techniques used here for the convergence analysis are different from the ones for the
distinct and positive case because of the absence of the differentiability of f and the continuity of the
singular vectors as we explained above. Moreover, due to the occurrence of zero singular values, the
techniques used in [24] for the Cayley transform method with multiple and positive singular values
cannot be applied here. Finally, to illustrate our theoretical results, some numerical experiments are
presented.

2 Preliminaries

Let B(x,d) be the open ball in R? with center x € R? and radius § > 0. Let O(p) denote the set of
all orthogonal matrices in RP*P and I denote an identity matrix. Let || - || be the Euclidean vector
norm or its induced matrix norm, and let || - || denote the Frobenius norm. Then,

IM|| < ||[M||r < g |M|, foreach M € RPX4, (2.1)

For any matrix M € RP*4, we use MUv and MUz to denote respectively the [ x [ upper left and
lower right blocks of the matrix M. The symbol Diag(ay, ..., a,) denotes a diagonal matrix with aq,
..., @, being its diagonal elements and diag(M) := (m11, ..., Mu,)T denotes a vector containing the
diagonal elements of an n x n matrix M := (m;;). Let {o]}7_; be the given singular values satisfying
(1.6). Write

n

o = (o}, ..., 00)T and X*:=Diag(o}, ..., oF) € R"™™, (2.2)
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Let {A4;}7, C R"*". Let ¢ € R™ and A(c) be defined by (1.1). Let {o;(c)}?_, stand for the singular
values of A(c) with the order o1(c) > o2(c) > --+ > o, (c) > 0. Write

¥.(c) := Diag(oi(c), ..., o,(c)) € R*™™.

Define

W(e) = {[U(e), V()] | U(e)" A(c)V (e) = Z(c), Ule), V(c) € O(n)}.
As in [28], we ignore the choice of possible sign for [U(c), V(c)]. For each [U(c), V(c)] € W(c),
we write U(c) := [UM(c), UP(c), UG (c)] and V(c) := [V (c), VP (c), V) (c)], where UMD (c),
V(c) € R"** and U®)(c), V@) (c) € R"*‘. Throughout this paper, we suppose that c* is a solution
of the square ISVP. For i =1 and i = 3, define

My = UD(HUD ()T and Ty, = VO () VO ()T, (2.3)

We first present some auxiliary lemmas. In particular, Lemma 2.1 gives a perturbation bound
for the inverse which is known in [11, pp.58-59]; Lemma 2.2 is a direct consequence of the Cholesky
factorization (cf. [10, Lemma 3.1]); while Lemmas 2.3 and 2.4 have been presented respectively in [2,
Lemma 2] and [22, Lemma 4.1].

Lemma 2.1. Let A, B € RP*P. Assume that B is nonsingular and |B~||-||A— B|| < 1. Then A is

nonsingular and moreover
1B~

Al < .
A= a5

Lemma 2.2. Let M € RP* where p > q. Let W = (w;;) be a ¢ X ¢ nonsingular upper triangle matriz
such that wyy > 0 and WIW =T — MT M. Then there exist two numbers € € (0, 1) and o € (0, +00)
such that the following implication holds:

IM]| < e= I -W| < a|M|> (2.4)
Lemma 2.3. There exists a constant o € (0,+00) such that for any ¢, €© € R™,
[A(c) — A(©)|| < alle —<.
Lemma 2.4. Suppose that Ac S(n). Then there exist positive constants B and k such that

) min 1Q—-Q| < B||A=A|, whenever A € S(n), Q € O(n), QTAQ € D(n), |A-A| < k.
QeO(n), QT AQED(n)
The following lemma is also needed, the proof of which is similar to that of [24, Lemma 2.4]. For

the sake of completeness, we present the proof.

Lemma 2.5. Let Z € R"*". Suppose that the skew-symmetric matrices H € R™*" and K € R"*"
satisfy

HY — YK = Z. (2.5)
Then we have P
[H]ij:[ }J n—t+1<i<n, 1<j<n-—t, (2.6)
(o8
J
[Z)i; , .
Klij=——, 1<i<n—t, n—-t+1<j<n, (2.7)
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1 « . . , L
[H];; = 02— (07)? (O'j[Z]ij“FJi [Z]ji)7 s+1<i1<n—t, 1<j<n—t, >} (2.8)
J K2
1 . , . o
[K]ij = 0= (07)2 (0;[Z]ji+ai [Z)i;), s+1<i<n—t, 1<j<n—t i>j (2.9)
J K3
Proof. Let XV := Diag(c%, ..., 0_,). Then, by the definition of X(*), one sees that

2D 0 ]
o=
{ 0 0]’

where 0 is a zero matrix of appropriate size. Write

H11)  g@12) K1) (12) 7
H:= [ ) } = [ KeD e

(11) (12)
, and Z:= [ 4 4 ] ,

7(21)  7(22)
where HD | KD 701 ¢ RO=Hx(=1)  Then it follows from (2.5) that
H(ll)z(ll) o E(ll)K(ll) _ Z(ll), (210)
(1) (2) _ #(12)

and
HCHNAL) _ #(21)

Thus, (2.6) and (2.7) are seen to hold. It remains to prove (2.8) and (2.9). Indeed, noting that
(HONT = — O and (KO)T = — KD we have by (2.10) that

_x () gD 4 g0y _ (70T, (2.11)
Eliminating the matrix K in (2.10) and (2.11) gives rise to

HOD(£0D)2 _ (5002 0D — 700501 4 5501 (70T,
Equating the off-diagonal elements yields

[H];; = E (aj[Z“”}ij+m[Z(“)}ﬁ), s+1<i<n—t, 1<j<n—t, i>j

Similarly, we can prove

[K(ll)]ij - 5 (Uj[Z(ll)]ji +0'i[Z(11)]ij) , o s+1<i<n—t, 1<j<n—t, i>]j.

(07)% = (o7)
Consequently, (2.8) and (2.9) are shown; hence the proof is complete. O

The following lemma describes the continuity properties of the singular vectors. Recall that we
ignore the choice of possible sign for [U(c), V(c)] where U(c) := [UM(c), UP(c), U®(c)] and
V(c):=[VW(c), V@ (c), V®(c)]. Recall also that II;;; and IIy,; are defined by (2.3) for i = 1, 3.

Lemma 2.6. There exist two numbers 6 € (0, 1) and v € [1,4+00) such that for any ¢ € B(c*, )
and [U(c), V(c)] € W(c) , the following assertions hold:

@) 1T (c) =UP(e*)| < 7lle = e*|| and [|(I = Ty )UD ()| < ~llc —e*| fori=1, 3;
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(i) [V®(e) =V (e < vlle —c*|| and ||(I - Iy, )V(e)|| < 7lle —e*|| fori=1, 3.

Proof. The proof of assertions (i) and (ii) are similar and so we only prove assertion (ii) for brevity.
In fact, the estimate of [|[U®)(c) — U® (c*)| is clear and can be found in [2, 28]. For the estimate of
(I = T ) U (c), define

V(c) :={V(c) € O(n) | [U(c), V(c)] € W(c) for some U(c) € O(n)}, for any c € R",

and
V(c) :={V(c) € O(n) | V(c)TA(c)T A(c)V (c) = £(c)S(c)}, for any c € R™.

Then V(c) = V(c) (see the arguments of [22, Proposition 2.4]). Let a, 8, and s be determined by
Lemmas 2.3 and 2.4. Let § satisfy

K
1) i 1, —— &, 2.12
0< <mm{ ’ a2+2a||A<c*>||} (2.12)

Suppose that ¢ € B(c*, §) and [U(c), V(c)] € W(c). Then, V(c) € V(c) and so V(c) € V(c). Note
by Lemma 2.3 that
[A(c) = A(e")|| < afle — . (2.13)

Since |lc —c¢*|| <0 < 1 and

we deduce by (2.13) that
[A(e)A(e)" — A(e) A(c™)T|| < a®[le—c* || +2al|A(c™)||-[lc—c*[| < (a®+2al|A(c*))llc—c*||. (2.14)
Thus, using (2.12) and the fact of [c — ¢*|| < §, we further derive that
1A(c)A(e)" = A(cH)A(c™) (| < (a® + 2a[|A(c*)]))6 < &.

Hence, thanks to Lemma 2.4, there exists a V(c*) € V(c*) (and so V(c*) € V(c*)) such that the
following inequality holds:

IV(e) = V(e")ll < BllA(c)A(e)" — A(e*)A(e")" ||
which together with (2.14) gives that
IV(e) = V(eI < B(a® + 2a A(e)[)]|e — c*|. (2.15)

By (2.3), one checks that ||[I — Ty ;|| < 1 and (I —1IIy,;)V®(c) = (I —Ty;) [V (c) — V@ (c*)]. Then
it follows from (2.15) that

17 - Ty )V ()] < [V (e) = VO ()] < IV(e) = Vi(eh)]| < Bla? + 2af A(c”)) e — ¢

Therefore, we conclude that there exist positive numbers § € (0, 1) and v € [1,+00) such that for
any ¢ € B(c*, J) assertion (ii) hold. O
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Suppose that U := [UD), U?), UG and V := [V, V@ VO] € O(n) where UV, V) ¢
R™** and U®), UBG) € R"**. Let us construct two orthogonal matrices of singular vectors of A(c*),

U(c) = [0W(c), UP (), UP(e")] and V(c"):= [V (c"), VP ("), V¥ (c"),

which is, in some sense, close to U and V respectively. To find ﬁ(l)(c*) and f/(l)(c*)7 we start by
considering the matrix Iy ; UD and Iy, V) whose columns are singular vectors for o1(c*). Using
the similar way, we can find U®)(c*) and V®)(c*). Then, for i = 1 and i = 3, we form the QR
factorization of Iy ;U and Iy, V®):

Iy, UD = 0D (c)RY, Ty, v = VO (c)RY, (2.16)

where R[(}) Rg,i) are nonsingular upper triangular matrices, and U9 (c*), 1740 (c*) are matrices whose
columns are orthonormal. Clearly, the columns of U(c*) and V(c*) are singular vectors of A(c*).
That is, [U(c*) V(c*)] € W(c*). Let the skew-symmetric matrices X and Y defined by

eX =UTU(c*) and eV = VIV (). (2.17)

Finally, let us define the error matrices Fy and Ey:

Ey:=[EP, B, B and Ey :=[EY, EP, EJ), (2.18)
where _ _
EY = (I -1y )U® and EY =1 -1y )V®, i=1, 3, (2.19)
and
E[(Jz) =U® —U@(c*) and E‘(f) =VE@ v @ (). (2.20)

The following lemma plays an important role in the convergence analysis of the Ulm-like method.

Lemma 2.7. There exist two numbers § € (0, 1) and v € [1,+00) such that

(i) for any matriz U € O(n) with |[Ey| < & , the skew-symmetric matriz X defined by (2.17)
satisfies
IXlIlr <WEull, 1X)r <AIE0)? and | XU5||r < y]| Eull?

(i) for any matriz V. € O(n) with |Ey| < 6, the skew-symmetric matriz Y defined by (2.17)
satisfies
IYle <AlEv], 1YFV[r <AIEvIP and VPR <A By

Proof. Since the proofs of assertions (i) and (ii) are similar, we only provide the proof of assertion (i).
For this purpose, let U € O(n). Note that

i (UO)TTO(er) (UMNTTP () (UM)TTO ()
X =UTU() = | UP)TTO(e) UD)TUP () (UD)TTE ()
UOTTW () (UD)TTA () (UD)TTE ()

Since eX =T+ X + O(]|X||?), it suffices to prove

UDTTO(E)  (Eg)TUD () (BT (e)
UTO() = | (ED)TUN () 1+ (EF)TUD () (B)TTO(c)
(ETOOE)  (BP)UR () OO)TTO )
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and, to prove there exist § > 0 and v > 0 such that, if |Ey| < J, then
max{|[I — (UD)TTD ()], |1 = U)TTD (e} < yl|Ev . (2.21)
Note by (2.16), (2.19) and the orthogonality of the matrix [T (c*), U®)(c*), U®)(c*)] that
U () = (B + TO ()R U () = (B) U (). (2:22)

Similarly, one can prove that

(UO)TO () = (BT (), (2.23)

WUETTD () = (BT ), (2:24)
and

UCHTU@ (c*) = (E)TUP (c). (2.25)

Using (2.20) and the orthogonality of the matrix [ (c*) U®)(c*) UG (c*)], we get that
(U(Q))Tﬁ(l)(c*) _ (E((JZ) + U(Q)(c*))TU(l)(c*) _ (E[(J?))TU(I)(C*). (2.26)
Similarly, we can also prove that
U)TU® (") =T+ (BP)TUPD(c*) and (UP)TTO) () = (BEF)TT®) (c*).
It remains to prove that there exist § > 0 and v > 0 such that
1Ev|| < 6 = max{|[] — ()T ()], I - (U)TTD ()} < 7] Bl (2.27)

Note by the definition of Eél) that Eg) =({- HU,l)U(l). Then, thanks to the fact HEJHUJ =1y,
one has that (E((Jl))THUJ UM = 0 which gives

() TUY = (BB + 1,0 = (BT
Since (UM)TUM = I, one can easily check that
(HUJU(l))T(HU,lU(l)) = U - E((}))T(U(l) _ E[(})) —J_ (E[(Jl))TE((Jl). (2.28)
Noting that the columns of U()(c*) are orthonormal, we get from (2.16) that
(ROYTRD = (I, UYL, U,
This, together with (2.28), implies that
RTRP =1 — (EX)TE. (2.29)
To proceed, we apply Lemma 2.2 to choose €; € (0, 1) and a3 € (0,+00) such that implication (2.4)
holds with €1, a in place of €, a. In particular, applying (2.4) to {RS), E((Jl)} in place of {W, M}, we

have that
IEQ| < er = IT = RY|| < en | EY |12 (2.30)
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thanks to (2.29) (noting that the first element of RS) is positive). Since HE[(})H < ||Ey|| by (2.18), it
follows from (2.30) that
|Evll < o = |11 = Ryl < o Bl (2:31)

Furthermore, noting that Il UM (c*) = UM (c*) and I1{; | = Iy,1, we have by (2.16) that
R = (00 () My, U = (00 () U,
Substituting this into (2.31), one has that
IEv] < ev = |1 = (D) UV < an|Ev?, (2.32)

With the similar arguments for proving (2.32), we can prove that there exist ¢; > 0 and ay > 0 such
that

IEv]| < ev = 1 = (U (c)"UD|| < au| B>, (2.33)
This together with (2.32) implies that (2.27) holds for 0 < 6 < ¢; and v > max{1, a1}. Therefore,
the proof is complete. O

Now we present the definitions and some properties of the B-differential Jacobian, the generalized
Jacobian and the relative generalized Jacobian. For this, let g : RP — R? be a locally Lipschitz
continuous function. Let g’ be the Fréchet derivative of g whenever it exists and Dg be the set of
differentiable points of g. Recall from [8, 20] that the B-differential Jacobian of g at x € R? is defined
by

Opg(x) = {J € R""| J = lim g'(xx), xi € Dg}.

Consider the composite nonsmooth function:

g = pou, (2.34)

where ¢ : R — RY is nonsmooth but of special structure and 1 : R? — R! is continuously differen-
tiable. Let S be a subset of R” and clS denote the closure of S. The generalized Jacobian dgg(-) and
relative generalized Jacobian dg sg(-) at x € R?, which were introduced respectively in [18] and [25],
are defined as follows:

Jog(x) = Ip(p(1(x)))Y (x);
Jo|sg(x) :={J | J is a limit of G\ € gg(yr), yr €S, yr — X}.

The following lemma is known in [24, Proposition 2.1].

Lemma 2.8. Let x € RP and let S be a subset of RP. Let g be defined by (2.34). Then dpg(X) and
Jqg(X) are nonempty and compact, and so is Og|sg(X) if X € clS.

In the remainder of the present paper, let
S :={c € R" | A(c) has positive and distinct singular values}.

For any matrix M € R"*™ we use {0;(M)}?_; to denote the eigenvalues of M with o1(M) > ... >
on(M) > 0. Define the operator o : R**" — R" by

o(M) = (o1(M),...,0,(M)T, forany M € R™ "



10 Weiping Shen, Yaohua Hu, Chong Li and Jen-Chih Yao

Recall that the operators A and f are defined by (1.1) and (1.3) respectively. Then
f=00A—-0".

Thus we have the following two lemmas. In particular, Lemma 2.9, which has been proved in [24],
gives the B-differential Jacobian, generalized Jacobian, and relative generalized Jacobian of f at c.
While Lemma 2.10, which is a direct consequence of [22, Lemma 2.1], gives a perturbation bound for
the inverses of B-differential Jacobian, the generalized Jacobian and the relative generalized Jacobian.

Lemma 2.9. Let f be defined by (1.3). Then we have the following assertions:

(i) If ¢ € R™ such that o,(c) > 0, then dgf(c) = {J | [J]i; = wi(c)TAjv,(c), [U(c), V(c)] €
W(e)}-

(i) Ifc € S, then £ is continuously differentiable at ¢ and moreover Opf(c) = dof(c) = {f'(c)};
(iii) Ogsf(c) ={J|J = klir+n f'(y*) with {y*} € S andy* — c}.
— 00
Lemma 2.10. Let c* € clS such that the matriz A(c*) has singular values given by (1.6). Suppose

that each J € Og|sf(c*) (resp. each J € Opf(c*), each J € 0qf(c*)) is nonsingular. Then there exist
two numbers § € (0, 1) and v € [1, +00) such that for any c € B(c*,J),

sup [J 7 (resp. sup [lJ7M, sup lTY) <, (2.35)
J€dqsf(c) Jedgf(c) Jedgf(c)
where we adopt the convention that sup @ = —oo.

3 The Ulm-like method and convergence analysis

In this section, we begin with the Ulm-like method for solving the square ISVP with the singular
values given by (1.6). For the original idea of the Ulm-like method, one may refer to [28]. Compared
with the Newton-type methods for solving the ISVP (1.2), the advantage of the Ulm-like method is
that approximate Jacobian equations are not required to solve in each step. Clearly, in the case when
s =1 and ¢ = 0, the method presented below is reduced to the Ulm-like method proposed in [28]
(with m = n) for the positive and distinct case.

The Ulm-like method

1. Given ¢’ € R™ and By € R™*". Compute the singular values {o;(c®)}™ ;, the orthonormal left
singular vectors {u;(c%)}™, and right singular vectors {v;(c%)}"_; of A(c®). Write

Up:=[uf,...,u’ ] = [u(c?),...,un(c?)],
Vo =[], ..., v9] = [vi(c?),...,va(c?)].

Form the Jacobian matrix Jy and the vector b?:
[J()]ij = (u?)TAjV?, [bo]i = (UQ)TA()VQ 1 S i, j S n.

(2 (2

2. For k=0, 1, 2,... until convergence, do:
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(a) Compute the vector c*+1 by

=k — B(Jpc +bF — o). (3.1)
(b) Form the matrix Wy := UL A(ck*t1) V.
(c¢) Calculate the skew-symmetric matrices X, and Yy:

[(Xiklij =0, 1<i,j<s or n—t+1<1i, j<mn,

[Xk]ij::—[Xk]ji:[ kj], n—t+1<i<n,1<j<n-—t,
o*
J
o Wilji + o Wil
[(Xklij == —[Xklji = [Wil, UG s+1<i<n—t1<j<n—t,i>j,

G C

J ?

[Yk]ij::07 n7t+1§z,j§n,

Wilij o L
Yalij = —[Yalsi = —Q 1<i, j<s, i>],
Wil . .
[Yk]ij::_[yk]ji:_%, l<i<n—t, n—t+1<j<n,
o

3

of [Wilij + 0 [Whlj

Yilij == —[Yalsi = CASICA s+1<i<n—t, 1<j<n—t i>j

(d) Compute Upyq := [ub™? ... ubt!] and Viy g == v ... vE+!] by solving

([+ ;Xk> Ul = ([ - ;Xk> ur (3.2)
and
(1 + ;Yk> Vil = (1 - ;Yk) VI, (3.3)
(e) Form the approximate Jacobian matrix J4; and the vector b¥*1:

[ielij = ()T AV 1<, j < (3.4)
b = (w7 AgvEH 1 <i<n. (3.5)

(f) Compute the matrix Bji1:
Byy1 := 2By, — By J41B.

Now we present a convergence analysis for the Ulm-like method. Recall that we have assumed
that the given singular values satisfy (1.6). There is no difficulty in generalizing all our results to an
arbitrary set of given positive singular values. For the remainder of the present paper, let {c*}, {U},
{Vi.h, {Xi}, {Yi}, {Bx}, and {J} be generated by the Ulm-like method with initial point c®. Let
{X:}, {Y%} be the skew-symmetric matrices defined by (2.16)(2.17) with {U = Uy} and {V = V;}
respectively. Let Ey,, Ey, be defined by (2.18)-(2.20) with {U = Uy} and {V = V} respectively.
Then we have the following lemma.
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Lemma 3.1. There exist two numbers 6 € (0, 1) and v € [1, +00) such that for any k > 0 and
[U(c*) V(c*)] € W(c*) with max{||Ev,|l, |Ev,||} <0, the following assertions hold:

(1) 1=+ X 2" = Vi — UL A()Vill < V(I Ev, |1° + | By, |1*):
(ii) max{[|Uss1 = Ukll, Vi1 = Vill} < v(I¥ = e[| + | Eu, | + 1B, |I), if "+ € B(e*,4);
(iii) max{[|EBv, ., [, [Bvi. I} <Alle*t = e + (1 Bu | + [1Bv, )], if 1 € B(e*, ).
Proof. By Lemma 2.7, let 61 € (0, 1) and ; € [1, +00) be such that for any k& > 0,

< s |t
1Xillr < nllBod, 1XEY1e < nllBod? 105 e < il Eol?, (3.6)

I%llr < nllBvl, 1% e < nlBwl? 19 1r < mllBv)?, (3.7)
when max{||Ey, ||, ||[Ev,} < d1. Let a the positive number determined in Lemma 2.3. Write
2 2 2 1 1 #
mi=(n"—s" —t°) max {——, — ¢, Ne:=max{2ma, 4+ 2y +8nmlle*|}. (3.8)

s<i<n—t O'Z-Jrl —0; g;

Set

2
v = max{4fyf|o'*|, g\/ﬁ’ylng} and §:= min{él, 37} (3.9)

Clearly, § € (0, 1) and v € [1, 4+00). Below we prove that ¢ and v are as desired. For this purpose,
we assume that [U(c*), U(c*)] € W(c*). Let k > 0 be such that max{| Ey, |, ||Ev,|l} < J. Then one
has by (3.6), (3.7), and (3.9) that

IXkllr < vl Boll <76 <1 and  [[Villr <yl Bl <0 < 1.

Thus, by direct computations, we have

m! m! — m(m—1) '
m=2 F m=2 m=2
Similarly,
— (=Y)"? — (=Y)m ! — (=Y)™
> g <1, > - <2, > — < 3. (3.11)
m=2 F m=1 F m=0 F
Write
00 Tom—2 o0 - \m o v \m—2 0 v \m—1
v 2 k * (7Yk) *1/72 (7Yk) v *\/ (7Yk)
= — — )= — - (3.12
Ry Xk(mzzz m/! )2 (7; m! ) eRE mzz2 m! Xy Ykmzzl m! (3.12)

Hence, one has by (3.10)—(3.12) that
IRellF < GIXellE + Vel F + 20 Xklle - 1Yellr) - 127 < 401 XkllF + 1Yl F) - [155)F (3.13)
It follows from (2.2), (3.6), (3.7), and (3.13) that

IRellr < 4rillo™ | (1Bv, I* + | v 1) (3.14)
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On the other hand, noting that eX* := ULU(c*), Ve = VI'V(c*), and [U(c*), V(c*)] € W(c*), we
derive

Xenre Ve = UT A(c*) V. (3.15)
Thus, by (3.12) and the fact of eX = Y }fr:, we can write (3.15) into the form
m=0
S 4 X3 — B, = UL A(CH)Vi + Ry (3.16)

This together with (2.1), (3.14) as well as the definition of v implies that assertion (i) holds.
For the proof of assertions (ii) and (iii), we assume further that c**! € B(c*,§) (and so [cF*! —

c*|| < §). The estimates of || X;, — X[, || Xk, and H( - %Xk)fl ‘ are needed first. Indeed, using

(3.16) and applying Lemma 2.5 (to X, Yi, UL A(c*)Vi + Ry — X* in place of H, K and Z), one has
that

kN\NT *\ <,k
- u?)* A(c*)v? + [Ryl;s
[Xk]ij:(Z) ( )*J [k]J’ n—t—|—1§z§n,1§]§n—t
o
J

o1 o l)TAC)YE + [Rily] + ofl(af) T Al )vE + (Rl
W= CHRRICHE

This together with the formulation of X} in the Ulm-like method yields that

,s+H1 <1 <n—t, 1 <j3<n—-tt>].

~ (llf)TAk+1V;? + [Rk]”

[Xk]ij_[Xk]ij: " , n—t+1<i<n, 1<j<n-—t, (317)
o
J
and
[Xk]ljlc;"[Xk]Zj k k\NT k
(uf)t Appavi 4+ or(ul) Appavi + 05 (Rl + of [Riljs
— Uj( 1) k+1Vj Jl( ]) k+1Vy 0'][ k]J Jl[ k]J,s—|—1§z§n—t,1§j§n—t,l>j

(05)? = (07)?

(3.18)
where and in sequel Ay yq := A(c*) — A(ck*1). Note that {uf}™_; and {vk}" | are orthonormal and
that, by Lemma 2.3,

1Ak < affe™t —el.

One has by (3.17) and (3.18) that

. 1 ‘ ,
[Xeli = [Xligl < — (alle™™! ="+ [Billr), n—t+1<i<n 1<j<n-—t, (3.19)
J

|[Xklis — [Xilis| <

(af|c" Tt —c*|| + |Rillp) . s+1<i<n—t 1<j<n—t, i>j (3.20)

* *
o, —0;

Since [X)i; =0 foreach 1 <4, j <sorn—t+1<1i, j <n,we have by (2.1), (3.19), (3.20) and the
definition of 7y that

1Xn — Xl < 1%k = Xille < IXE7 e + 1 X052 + m (allch ! = e + | Rillg) »
Combining this with (3.6) and (3.14), we further derive that

1Xk = Xill < 271[| Bo |1 +m [alle™ = || + 4t llo |1 Bu, |1* + 1Ev )] (3.21)
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Xkl < llEv, | + 20| By [* + m [alle™* = e*|| + 4atlle* (1 Bu ) + [ Bv[*)] -
Thus, by the fact of vy max{||Ev, |, ||Ev,|l} <716 < 1, one has
Xkl < malle™™ = e[|+ 2+ + 4y o DI Ev, | + dymllo| - [ By ; (3.22)
hence,

2 * V *
1Xkll < (I =t + 1Bu | + | Bw ) < B (I = + [1Bv, || + | Bvill) (3.23)

(noting that v > 7o = max{2ma, 4+ 2y + 8y1m|o*||}). Since max{||Ey,l|, ||Ev.|} < ¢ and
|cF+L — c*|| < 4, we derive further by (3.9) and (3.23) that || Xx|| < 1. Therefore, applying Lemma
2.1 (for A=1— 1X} and B = I), one has

J-4x07 < =

_—— < 2. 3.24
1 Xkl ~ (3.24)

Consequently, the estimates of || X, — Xg|, || Xx|, and H(I - %Xk)le are complete. By a similar

argument, we can have the following estimates:
Vi = Yaell < 2711 BviI? + 1 [a| ™ = || + 492l || (| Bv |1* + | Bvi|1?)]

gl N
Vel < 5 (1" = el + 1Bl + 1 Bv, ) (3.25)

and
(-7 <2 (3.26)

Now we offer the estimates of ||Uxi1 — Uill, [Vet1 — V|, | Ev,y. |, and || Ev,,,||. Note by (3.2)
that
Uk1 —Ux = Uk[(IJr %Xk) — ( - %Xk)]( - %Xk)fl = Uka(_[, %Xk)fl.

This together with (3.23), (3.24), and the orthonormal property of Uy, gives rise to
U1 = Uill < v (1" = (| + | Ev || + | Bwe ) -
Similarly, using (3.3), (3.25), and (3.26), we obtain
Vit = Vall < v (Il = ¢*[| + [ Ev, | + [ Evl) -

Thus, assertion (ii) holds. It remains to prove assertion (iii). The arguments for the estimates of
Ey, ., and By, are similar and so we only estimate Ey,_,. For this, note by (3.2) and the definition
of X . that

Uppr = U(c%) = Up[(I + $Xp)(I = §X5) 7" = e¥6] = Up[(I + §X5) — ¥ (1 = $X0)](1 — $X3) 7.

m

- 00 .
Then, using the equality eX* = Xi , it is easy to check that

m!
m=0
~ B ~ ~ 00 Xm—Z 1 1 1
- 0te) = s (5.5 50 b))
m=2 .
v 1 —1 1 " 1 —1 v 2 e X’:Zn_Q
= Uk(Xk_Xk)(I_QXk:) +§UkaXk(I—§Xk) —Uka Z il

(3.27)
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Noting that Uy is orthonormal, we deduce from (3.27), (3.10), (3.24), and (2.1) that
1Uk1 = U (eIl < 201X — Xl + 1 Xkl X5l + 1 X002 < 201 X5 = Xiell + 1 Xellp - 11Xkl + 1 X5l
Thus, one has by (3.6), (3.21), and (3.23) that
Ukt =T < @y +7 +83mlo* ]| + 5mm) (| Bu, | + | Ev,[1)? (3.28)

+(2ma + $n2)||c T — .

Recall from (3.8) that 1o = max{2m«, 4+ 2v; + 8yim1||o*||}. We then have by (3.28) that

Uk =T < Som(IBu, |+ 1B ) + Smalleh™ = el < 2l ="+ (1B, | + 1B )7

(3.29)
where the last inequality holds because, by the definitions of v and 7y, v > %71772 > %772. To proceed,
write Ups1 := (U, U, US| where UL)) € R™ and UL, € R™. Since (I—I1y,,) U (c*) = 0
and ||I —y;| <1 hold for i =1, 3, one has

(1 = T UL | = (1 = Ty ) (UL, = TD ()] < [Upsr = T(e”)

l, i=1,3. (3.30)

Noting that Ey,,, = [({ — HU,1)U;$_)1, U,gi)l —~U®(c*), (I- HU’g)Ulgi_)l], we obtain from (2.1), (3.29)
and (3.30) that

1 2 . 3
|Evell < 10 = Mo U e+ I10E) = UD () e + 1 - Hug) U e (3:31)
< 3vnllUka = U]
Therefore, thanks to (3.29) and (3.31), one sees that
1Ev, .l < AUl = [+ (1Eu, | + [ Bv. D?);
hence, assertion (iii) holds. The proof is complete. O

Now we present the main result of this paper which shows that the Ulm-like method proposed
here converges quadratically for solving the square ISVP. Recall from Lemma 2.8 that dg|sf(c*) is
nonempty if c* € clS.

Theorem 3.1. Let ¢* € clS such that the matriz A(c*) has singular values given by (1.6). Suppose
that each J € Og|sf(c*) is nonsingular. Then there exist § € (0, 1) and p € (0, 1) such that for each
c? € B(c*,8) NS and each By satisfying

IT = BoJoll < p, (3.32)
the sequence {c*} generated by the Ulm-like method with initial point c® converges quadratically to c*.

Proof. By Lemma 3.1, let 6; € (0, 1) and 7 € [1, +00) such that for any k£ > 0 and [U(c*) V(c*)] €
W(c*), if max{||Euv,||, ||Ev,} < d1, the assertions (i)—(iii) in Lemma 3.1 hold with § = §;. Moreover,
thanks to Lemmas 2.6 and 2.10, we assume without loss of generality that for any ¢ € B(c*, d1), (2.35)
and the assertions (i)—(iv) in Lemma 2.6 hold. Write

q = 6y/ny.

15
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Take 6 and p such that

20, 1 1

0<d<min{ —, , ;
q qv(5+8yny?) q(2+1152n2y* - max || A;)
J

0< pu<sé. (3.33)

Clearly, 6 € (0, 1) and p € (0, 1). Below we shall show that ¢ and u are as desired. For this purpose,
let ¢’ € B(c*,6)(S and By satisfy ||[I — BoJo|| < p. Then, thanks to Lemma 2.9 and the definition
of Jo, one has that dg sf(c”) = {£'(c”)} = {Jo}. In addition, by Lemma 2.10 (as § < % < dy), we
have

157l < - (3.34)
It suffices to prove that for any k=0, 1, ...,

1 2k

I —el<as(3) (3.35)
1\
wa{ B 1Bl <06 (3) (3.36)
and
1\

We proceed by mathematical induction. Since ||c® — c*|| < §, ||[I — BoJo|| < u < § and ¢ > 2, (3.35)
and (3.37) are trivial for k = 0. Noting that Ey, = [(I — Iy )US", U —U®@ (%), (I -Tys)UPY),
one has by (2.1) and Lemma 2.6 that

* 1
|Buoll < 1 Buy e < 10 = Ty)Us llp + 1057 = UD(e)llr + (= Ty a)Us” | » < 3v/m76 = 546,

where the equality holds because of the definition of ¢. Similarly, one can prove that ||Ey, || < %q&
hence, (3.36) is shown for k = 0. Assume that (3.35)—(3.37) hold for all ¥ < m. Then, by (3.33),

|k —c¢*| < %qé <01 and max{||Ey,.|, |Ev.| < %qé < 61, foreachk <m. (3.38)
Thus, applying Lemma 3.1, we get that
IZ* + X2 = 5V = Up A€Vl < (I Bu, 1P + || B, 12) (3.39)
and
max{[|Up+1 = Uell, [Vir = Vill} < 21" ="l + | Ev, | + |Ev, [}),  for each k <m — 1. (3.40)
Considering the diagonal entries of ¥* + X,,X* — ¥*Y,, — UL A(c*)V},, one sees from (3.39) that
()T AW — 0] < A(|Eu, |12 + | By, |I?),  for each 1< i <n,
Therefore, by the definitions of *, J,,, b™, and A(c*),

|Jme” +b™ —a*|| < Vny(| Eu,, I + | Bv,,|I*). (3.41)
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Noting that
m—1 m—1
U = Uoll < D [1Ukr = Uil and Vi = Voll € D (Vi = Vil
k=0 k=0
we have by (3.40), (3.35) (with & < m — 1), and (3.36) (with k < m — 1) that
1 1\ /1\* 1"
max{||Upn — Uoll, [Vin = Voll} <3vqd | (5 )+ 5) +(5) ++1(5 -
2 2 2 2
Since 2™ > n + 1 for each n > 0, it follows that
1 DR "
wa{lUm-—l%H,Vﬁ-—v6|}éih@5[(2)—%<2) +(3) ++(3) ] < 3145
This together with (3.33) yields
1
2ny - max [|4; | - max{{|Un, — Usll, [Vin = Voll} < 6n72qd - max |4 < 5, (3.42)
where the last inequality holds because, by the definition of § and the fact of v > 1,
12n72¢6 - max || A;|| < ¢6(2 + 1152n?y* - max || 4;]|) < 1.
j J
Moreover, by the definition of [J,,]i; (cf. (3.5)), one has
|[Tmlis = [Joliz| = [ = w)TAyvi™ + (uf) T A; (v = vD)| < 20145 - max{[Juf” —u?|, [[vi" = v?|}.
Then, thanks to (2.1), we get that
1 on = Joll < [ = Jollr < 20 max [ 4] - max{[|Um — o], [[Vin = Voll}-
It follows from (3.34) and (3.42) that
_ 1
167 1 Tm = Joll < 2ny - max || A;] - max{[|Um — Vo, |[Vim = Voll} < 3
Thus, applying Lemma 2.1 (for A = J,, and B = Jp) and using (3.34) again, we obtain
J71
(P [ L S 4 (3.43)
L=1Jo - 1 m = Joll

On the other hand, by using the inductive assumption of (3.37) (with k& = m), one has

-
1
Bl = 11 = B~ 1 S 14| = Bl <1408 (3)

This and (3.43) give rise to

1Bl < 1Bl - | T | < 2v

2"’”
1+¢6 (;) ] < dy (3.44)

17
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(noting that ¢d < 1 by (3.33)). Now, we show that (3.35)—(3.37) hold for k = m + 1. By (3.1) (with
k= m),
c"tl —¢* = c¢™—c* - B,Jnc™ - B,,b™ + B,,c*
(I = B Jm) (€™ — ¢*) — By (Jc* +b™ — o*).

Then, by (3.41), (3.44), and the inductive assumptions with k = m, we obtain

m+1 *H

A

11— Bme”; e —c*|| + [| Bml| - HJ:_rLl‘:* —o* +b"|
277L 1 2777
1 1 (3.45)
(49)° <2> +8v/ny*(¢0)? (2> :

Thus, (3.35) holds for £ = m + 1 and moreover |[c™*! — c*|| < §; as ¢6 < min{2d;, 1/(1 + 8y/n~?)}
by (3.33). Hence, noting (3.38), Lemma 3.1 (ii) and (iii) (with £ = m) are applicable to concluding
that

Ilc c

IA

max{||[Up+1 = Unll, Vit = Vinll} < 2([c™F = e[| + || Ev,, | + | Ev,, [I) (3.46)

and
max{|| Ev,, ., |l, 1Bv,. ., I} <Allc™™ = ¢ + (|Ev,, | + | Ev,, [1)?]

Therefore we derive from (3.45) and the inductive assumption (3.36) (with & = m) that

2m+1

m—+41
1 1\
lannEumHn,HEWMJH}sfkaq®2(2) syt () ].

Thus, (3.36) holds for k = m + 1 because of v(5+8y/nvy?)qd < 1 by (3.33). On the other hand, thanks
to (3.46), (3.35) (with &k =m + 1), and (3.36) (with & = m + 1) just proved, one can see that

-
1
max{|{Uns1 — Unll, [Vinss — Vinl} < 3746 (2> ,
which implies

2"7l
1
max{[[u"** —u?||, v/t — v} < 3y (2> , foreach 1<i<n.

Consequently, for any 1 <14, j < n,

| [Jm1lis — [Imlij | | (u T —a) T AT — (a) T A (v — v |

< 2w | A | max{ gt w7 v
1 2”7l
< oo max | 4 (5)
j 2
hence
N>
s = Tl € i = Tl < 608 o 45 (3) (3.47)

Since By = 2By_1 — Bi_1JixBy_1 for each k =1,2, ..., one has

I- Bm+1Jm+1 = (I - Bme+1)2 = [I — Byndm — Bm(Jm+1 - Jm)}Q
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Then, by (3.44), (3.47) and using the inductive assumption (3.37) with k = m, we derive
||I - Bm+1Jm+1H < 2”] - Bme||2 + 2||BmH2 ’ ||Jm+1 - JMH2
m—+1
1\ 2 3.48
< (2 syt ) @07 (5) 349
J
Note by (3.33) that (2 + 1152n2y* - max ||4;]|*)¢d < 1. It follows from (3.48) that
J
12"
|1 = Bint1Jm+1l| < q6 <2)
This verifies (3.37) holding for k = m + 1 and the proof is complete.
O

Theorems 3.2 and 3.3 below, the proofs of which are similar to that of Theorems 3.1, show that
the condition ¢* € clS is not required if the nonsingularity assumption for each J € dgsf(c*) is
replaced by the nonsingularity assumption for each J € 0of(c*) or each J € 0pf(c*).

Theorem 3.2. Let ¢c* € R™ be such that the matriz A(c*) has singular values given by (1.6). Suppose
that each J € 0gf(c*) is nonsingular. Then there exist 6 € (0, 1) and p € (0, 1) such that for each
c? € B(c*,0) S and each By satisfying (3.32), the sequence {cF} generated by the Ulm-like method
with initial point ¢ converges quadratically to c*.

Theorem 3.3. Let c* € R™ be such that the matriz A(c*) has singular values given by (1.6). Suppose
that each J € Opf(c*) is nonsingular. Then there exist 6 € (0, 1) and p € (0, 1) such that for each
c? € B(c*,6) NS and each By satisfying (3.32), the sequence {c*} generated by the Ulm-like method
with initial point ¢ converges quadratically to c*.

4  Numerical tests

In this section, we report some numerical tests to illustrate the convergence performance of the Ulm-
like method. In all tests, multiple and zero singular values are present in the given singular values.
Our aim is, for the inverse singular value problems with multiple and zero singular values, to illustrate
the validity of the Ulm-like method. All the tests were implemented in MATLAB 7.0 on a Genuine
Intel(R) PC with 1.6 GHz CPU.

Let {T;}, be Toeplitz matrices given by

0 1 0 0 0 O 0 1
1 0 1 0 0
=1, Tho=|¢g 1 . - ol|, - Tu=
S 1 0 . . .0
(0 ... 0 1 0 1. 0 ... 0 0|

Let Hy C O(n), Hy C O(n) be orthonormal bases for the range of R1 C R"*™ and R2 C R™*"
respectively which are generated by Matlab-provided randn function. Define Ag = 0 and {4;}, C
R™*™ as follows

A; = HiT;Hy, foreachi=1,2,... n,

19
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Here we focus on the following cases: 50 x 50, 100 x 100, and 200 x 200. To present multiple and
zero singular values, we first generate in each test a vector ¢* randomly such that there exist integers
p and ¢ such that the singular values of matrix A(¢*) satisfying |o,+1(€*) — 0,(€*)| < e — 5 and
04(€*) < le — 4, where ¢* := &* x 107, Set

op(€), i=p, p+1L
ol =< 0, i=gq;
o;(€*), otherwise.

Then we choose {07} ; as the prescribed singular values.

Since the Newton-type method is locally convergent, c® is formed by chopping the components
of ¢* to five decimal places for the cases of 50 x 50, 100 x 100, and to six decimal places for the
cases of 200 x 200. Note by (3.32) that By is an approximation to Jy. For simplicity, here we
take By by perturbing J; ! However, in the case when Jy 1'is difficult to obtained, one may set
Bo = [z1, ..., Zn|T where for each 1 < i < n, z; is an approximate solution of the equation

JoTx:ei

such that ||e; — J&z;|| < p/n (note that with such choice of By, (3.32) is seen to hold). Here e; is
the i-th column of the identity matrix I. In all test problems, systems (3.2) and (3.3) were solved
by the QMR method [9] via the MATLAB QMR function, where the maximal number of iterations
is set to be 1000. Also, for these two systems, we use the right-hand side vector as the initial guess.
Moreover, to guarantee the orthogonality of Uy and Vj, systems (3.2) and (3.3) are solved up to
machine precision eps. Finally, the outer iteration for the Ulm-like method is stopped when

(UL A(cF)Vi — S| < 10713,

We now report our experimental results. Table 1 illustrates the values of dy, := |[UL A(c*)Vy—%*|| ¢
for all test problems. For simplicity, we only choose g = 0.001 in Table 1. To further illustrate the
influence of i to the convergence performance of the Ulm-like method, we present the numerical results
for different ps in Table 2 where the values of dj for the problem of size 50 x 50 are illustrated. We
can see from Tables 1 and 2 that the Ulm-like method converges superlinearly. This confirms the
theoretical results of our paper. Moreover, the convergence performances the Ulm-like method with
1 < 0.01 are comparable to that of the Ulm-like method with g = 0. Thus, the Ulm-like method with
small p is more effective than that with large p.

5 Conclusions

Noting the interesting problem rased in [STAM J. Matrix Anal. Appl. 32 (2011), 412-429], we proposed
in this paper an Ulm-like method for solving the square inverse singular value problems (a special
case of the inverse singular value problems ) with multiple and zero singular values, and proved that
it converges at least quadratically under some nonsingularity assumptions. However, we don’t know
whether the proposed method is still work for the inverse singular value problems which needs further
study.
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Table 1: The values of dj with p = 0.001

k 50 x 50 100 x 100 200 x 200
0 3.08—04 6.04e—05 2.26e—04
1 53%—06 9.3% —06 1.21e—05
2 121e—07 1.30e—-07 3.23e—07
3 9.02e—11 691le—11 1.29e —10
4 1.03e—-16 1.12e—16 7.90e—17
5

Table 2: Values of dj, for different us.

de  p=0  p=00001 px=0001 p=00l =005 p=0.1
do 342 —04 3420 —04 342 —04 3.42¢—04 342 —04 3.42e — 04
di  810e—06 8.04c—06 7.92¢—06 2.66e—05 1.35¢—04 2.7le—04
dy 642 —08 6.39¢—08 6.17c—08 9.64c —08 1.02¢—05 8.15¢ — 05
ds 4.76e—12 4.72e—12 4.30e—12 3.84e—12 125e—7 1.69¢ — 05
di  3.00e—18 1.00e —18 1.00e—18 2.00e — 18 4.77¢ —08 2.0le — 06
ds 1.20e — 17 4.42¢ — 08
de 2.12¢ — 11
ds 5.00e — 18

ds

21



22 Weiping Shen, Yaohua Hu, Chong Li and Jen-Chih Yao
References
[1] Z. J. Bai, R. H. Chan, B. Morini, An inexact Cayley transform method for inverse eigenvalue

2]

problems, Inverse Problems 20 (2004) 1675-1689.

Z. J. Bai, B. Morini, S. F. Xu, On the local convergence of an iterative approach for inverse
singular value problems, J. Comput. Appl. Math. 198 (2007) 344-360.

Z. J. Bai, S. F. Xu, An inexact Newton-type method for inverse singular value problems, Linear
Algebra Appl. 429 (2008) 527-547.

R. H. Chan, S. F. Xu, H. M. Zhou, On the convergence of a quasi-Newton method for inverse
eigenvalue problem, STAM J. Numer. Anal. 36 (1999) 436-441.

M. T. Chu, Numerical methods for inverse singular value problems, SIAM J. Numer. Anal. 29
(1992) 885-903.

M. T. Chu, G. H. Golub, Structured inverse eigenvalue problems, Acta Numer. 11 (2002) 1-71.

M. T. Chu, G. H. Golub, Inverse Eigenvalue Problems: Theory, Algorithms, and Applications,
Oxford University Press, Oxford, 2005.

F. Clarke, Optimization and Nonsmooth Analysis, John Wiley and Sons, New York, 1983.

R. W. Freund, N. M. Nachtigal, QMR: a quasi-minimal residual method for non-Hermitian linear
systems, Numer. Math. 60 (1991) 315-339.

S. Friedland, J. Nocedal, M. L. Overton, The formulation and analysis of numerical methods for
inverse eigenvalue problems, STAM J. Numer. Anal. 24 (1987) 634—667.

G. H. Golub, C. F. Van Loan, Matrix Computations, 3rd ed., Johns Hopkins University Press,
Baltimore, 1996.

A.G. Gramm, Inverse Problems: Mathematical and Analytical Techniques with Applications to
Engineering, Springer, 2005.
L.P. Lebedev, L.I. Vorovich, G.M. Gladwell, Functional Analysis: Applications in Mechanics and

Inverse Problems, Kluwer Academic Publishers, 2002.

W. Ma, Z. J. Bai, A regularized directional derivative-based Newton method for inverse singular
value problems, Inverse Problems 28 (2012) 125001.

E. Montano, M. Salas, R. L. Soto, Nonnegative matrices with prescribed extremal singular values,
Comput. Math. Appl. 56 (2008) 30-42.

E. Montano, M. Salas, R. L. Soto, Positive matrices with prescribed singular values, Proyecciones
(Antofagasta) 27 (2008) 289-305.

T. Politi, A discrete approach for the inverse singular value problem in some quadratic group,
Lecture Notes Comput. Sci. 2658 (2003) 121-130.

F. A. Potra, L. Q. Qi, D. F. Sun, Secant methods for semismooth equations, Numer. Math. 80
(1998) 305-324.

J. F. Queird, An inverse problem for singular values and the Jacobian of the elementary symmetric
functions, Linear Algebra Appl. 197-198 (1994) 277-282.



[20]

[21]

CONVERGENCE OF A ULM-LIKE METHOD FOR SQUARE ISVPS

L. Q. Qi, Convergence analysis of some algorithms for solving nonsmooth equations, Math. Oper.
Res. 18 (1993) 227-244.

C. S. Saunders, J. Hu, C. E. Christoffersen, M. B. Steer, Inverse singular value method for
enforcing passivity in reduced-order models of distributed structures for transient and steady-
state simulation, IEEE Trans. Microw. Theory Tech. 59 (2011) 837-847.

W. P. Shen, C. Li, X. Q. Jin, An inexact Cayley transform method for inverse eigenvalue problems
with multiple eigenvalues, Inverse Problems 31 (2015) 085007.

W. P. Shen, C. Li, X. Q. Jin, A Ulm-like method for inverse eigenvalue problems, Appl. Numer.
Math. 61 (2011) 356-367.

W. P. Shen, C. Li, X. Q. Jin, J. C. Yao, Newton-type methods for inverse singular value problems
with multiple singular values, Appl. Numer. Math. 109 (2016) 138-156.

D. F. Sun, J. Sun, Strong semismoothness of eigenvalues of symmetric matrices and its application
to inverse eigenvalue problems, STAM J. Numer. Anal. 40 (2003) 2352-2367.

J. A. Tropp, I. S. Dhillon, R.W. Heath, Finite-step algorithms for constructing optimal CDMA
signature sequences, IEEE Trans. Inform. Theory 50 (2004) 2916-2921.

G. Uhlmann, S. Levy (Eds.), Inside Out: Inverse Problems and Applications, Cambridge Uni-
versity Press, 2003.

S. W. Vong, Z. J. Bai, X. Q. Jin, A Ulm-like method for inverse singular value problems, STAM
J. Matrix Anal. Appl. 32 (2011) 412-429.

S. F. Xu, An Introduction to Inverse Eigenvalue Problems, Peking University Press, 1998.

S. F. Yuan, A. P. Liao, G. Z. Yao, Parameterized inverse singular value problems for anti-
bisymmetric matrices, Numer. Algorithms 60 (2012) 501-522.



