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Abstract Quasi-convex optimization acts a pivotal part in many fields including economics
and finance; the subgradient method is an effective iterative algorithm for solving large-scale
quasi-convex optimization problems. In this paper, we investigate the quantitative conver-
gence theory, including the iteration complexity and convergence rates, of various subgradient
methods for solving quasi-convex optimization problems in a unified framework. In partic-
ular, we consider a sequence satisfying a general (inexact) basic inequality, and investigate
the global convergence theorem and the iteration complexity when using the constant, di-
minishing or dynamic stepsize rules. More importantly, we establish the linear (or sublinear)
convergence rates of the sequence under an additional assumption of weak sharp minima of
Holderian order and upper bounded noise. These convergence theorems are applied to estab-
lish the iteration complexity and convergence rates of several subgradient methods, including
the standard /inexact /conditional subgradient methods, for solving quasi-convex optimization
problems under the assumptions of the Holder condition and/or the weak sharp minima of
Holderian order.

Keywords Quasi-convex programming, subgradient method, iteration complexity, conver-
gence rates.
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1 Introduction

Mathematical optimization is a fundamental tool for solving decision-making problems in
many disciplines. Convex optimization plays a key role in mathematical optimization, but
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may not be applicable to some problems encountered in economics, finance and management
science. In contrast to convex optimization, quasi-convex optimization usually provides a
much more accurate representation of realities and still possesses some desirable properties
of convex optimization. In recent decades, more and more attention has been drawn to
quasi-convex optimization; see [1, 4, 11, 19, 32, 44, 45, 46, 47, 50] and references therein.

It is essential to develop efficient numerical algorithms for solving quasi-convex opti-
mization problems. Subgradient methods form a class of practical and effective iterative
algorithms for solving constrained (convex or quasi-convex) optimization problems. The sub-
gradient method was originally introduced by Polyak [41] and Ermoliev [12] in the 1970s to
solve nondifferentiable convex optimization problems. Over the past 40 years, various features
of subgradient methods have been established for convex optimization problems and many
extensions/generalizations have been devised for structured convex optimization problems;
see [2, 6, 20, 27, 30, 31, 35, 37, 38, 49, 52] and references therein. Moreover, subgradient meth-
ods have also been extended and developed to solve constrained quasi-convex optimization
problems; see [21, 23, 26, 29, 48, 55] and references therein. The global convergence prop-
erties of subgradient methods, in terms of function values and distances of iterates from the
optimal solution set, have been well studied for either convex or quasi-convex optimization
problems by using several typical stepsize rules.

In addition to the global convergence property, the establishment of convergence rates is
important in analyzing the numerical performance of relevant algorithms. The convergence
rates of subgradient methods for solving convex optimization problems have been investigated
under the assumption of weak sharp minima [10]. For example, employing a geometrically
decaying stepsize, Shor [49, Theorem 2.7] and Goffin [16, Theorem 4.4] provided a linear
convergence analysis (but not necessarily converge to an optimal solution) of the subgradient
method under a notion of condition number that is a stronger condition than the weak sharp
minima. This work was extended by Polyak [40, Theorem 4] to the case when the subgradients
are corrupted by deterministic noise. When using a dynamic stepsize rule, Brannlund |8,
Theorem 2.5] established the linear convergence rate of the subgradient method under the
assumption of weak sharp minima, which was generalized by Robinson [43, Theorem 3] to the
inexact subgradient method. Recently, for vast applications of distributed optimization, an
incremental subgradient method was proposed to solve the convex sum-minimization problem
and was shown to converge linearly under the assumption of weak sharp minima (see [34,
Proposition 2.11)); the linear convergence analysis has also been extended to various variant
incremental subgradient methods; see [18, 33] and references therein. It is worth noting that
all convergence rates of subgradient methods are measured in terms of distances of iterates
from the optimal solution set. Moreover, Freund and Lu [15] and Xu et al. [54] investigated
the iteration complexity (for achieving an approximate optimal value) of subgradient methods
and stochastic subgradient methods under the assumption of weak sharp minima or weak
sharp minima of Hélderian order, respectively. However, to the best of our knowledge, there
is limited study devoted to establishing convergence rates of subgradient methods in the
scenario of quasi-convex optimization.



Motivated by the wide applications of quasi-convex optimization, we contribute to the
further development of subgradient methods for solving quasi-convex optimization problems,
particularly concentrating on the iteration complexity and convergence rate analysis. In the
present paper, we consider the following constrained quasi-convex optimization problem

min  f(x)

1.1
st. xzeX, (1.1)

where f : R® — R is a quasi-convex and continuous function, and X C R™ is a nonempty,
closed and convex set. In 2001, Kiwiel [26] proposed a (standard) subgradient method to
solve problem (1.1), which is formally stated as follows, where 0* f, S and Px(-) denote the
quasi-subdifferential of f, the unit sphere centered at the origin and the Euclidean projection
onto X, respectively.

Algorithm 1.1. Select an initial point z; € R™ and a sequence of stepsizes {vi} C (0, +00).
For each k € N, having xj, we select g € 0* f(xr) NS and update zp41 by

Tpt1 = Px(zr — vigr).

Note that the basic inequality of a subgradient iteration is a key tool for the convergence
analysis of subgradient methods for either convex or quasi-convex optimization. Yu et al.
[55] developed a unified framework of convergence analysis for various subgradient methods,
in which the global convergence theorem was established for a certain class of sequences sat-
isfying a general basic inequality and using several typical stepsize rules. In real applications,
the computation error stems from practical considerations and is inevitable in the computing
process. To meet the requirements of practical applications, Hu et al. [21] introduced an
inexact subgradient method to solve problem (1.1) and investigated the influence of the de-
terministic noise on the inexact subgradient method. In the present paper, motivated by the
practical applications, we consider a more general unified framework for subgradient meth-
ods, in which a general (inexact) basic inequality is assumed to be satisfied; see conditions
(H1) and (H2) in Section 3. The more general unified framework covers various subgradient
methods (see [55]) and inexact subgradient methods (see Section 4.2) for either convex or
quasi-convex optimization problems.

The main contribution of the present paper is to investigate the iteration complexity and
convergence rates of several subgradient methods for solving quasi-convex optimization prob-
lem (1.1) via a unified framework. The stepsize rules adopted in this paper are the constant,
diminishing and dynamic stepsizes. Here, we first consider a general sequence satisfying con-
ditions (H1) and (H2), (as a by-product) establish the global convergence theorem in terms of
function values and distances of iterates from the optimal solution set (see Theorem 3.1), and
then derive the iteration complexity to obtain an approximate optimal solution (see Theorem
3.2 and Remark 3.2). More importantly, we explore the linear (or sublinear) convergence
rates of the sequence under an additional assumption of weak sharp minima of Hoélderian
order and upper bounded noise; see Theorems 3.3-3.5 for details. Meanwhile, we will apply



the established theorems on iteration complexity and convergence rates to investigate that
of several subgradient methods for solving the quasi-convex optimization problem (1.1) when
using the typical stepsize rules and under the assumptions of the Hélder condition and/or the
weak sharp minima of Holderian order. As far as we know, the study of iteration complexity
and convergence rates theorems of subgradient methods are new in the literature of quasi-
convex optimization. Moreover, the finite convergence property of the subgradient methods
are established under an interior point assumption of the solution set.

In a very recent study by Johnstone and Moulin [25], by virtue of the weak sharp minima
of Holderian order, they derived the convergence rates of the standard subgradient method for
solving convex optimization problems when using the constant-type stepsize rules (including
the constant and “descending stairs” stepsize rules). Our work extends [25] to more general
settings with quasi-convex optimization, inexact setting, diminishing and dynamic stepsize
rules.

The present paper is organized as follows. In Section 2, we present the notations and
preliminary results which will be used in this paper. In Section 3, we provide a unified
framework of convergence analysis for (inexact) subgradient methods, in which the global
convergence theorem, iteration complexity and convergence rates are established for a certain
class of sequences satisfying a general (inexact) basic inequality under the assumption of weak
sharp minima of Holderian order. In Section 4, the convergence analysis framework is applied
to establish the iteration complexity and convergence rates for the standard subgradient
method, the inexact subgradient method and the conditional subgradient method for solving
quasi-convex optimization problems.

2 Notations and preliminary results

The notations used in the present paper are standard; see, e.g., [6]. We consider the n-
dimensional Euclidean space R™ with inner product (-,-) and norm || - ||. For x € R"™ and
r > 0, we use B(z, ) to denote the closed ball centered at = with radius r, and use S to denote
the unit sphere centered at the origin. For x € R™ and Z C R"”, the Euclidean distance of z
from Z and the Euclidean projection of x onto Z are respectively defined by

dist(z, Z) = min |z —2| and Pgz(z):= arg min |z — z||.

A function f : R” — R is said to be quasi-convex if for each x,y € R" and each a € [0, 1],
the following inequality holds

(1 =)z + ay) < max{f(z), f(y)}.
For a € R, the sublevel sets of f are denoted by

leveofi={z e R": f(z) <a} and levenf:={zeR": f(z) <a}.



It is well-known that f is quasi-convex if and only if lev,f (and/or lev<,f) is convex for
each o € R. A function f : R" — R is said to be coercive if lim|, o f(7) = 00, and so its
sublevel set lev<, f is bounded for each a € R.

The convex subdifferential df(x) := {g € R" : f(y) > f(z) + (9,y — ), Yy € R™} might
be empty for the quasi-convex functions. Hence, the introduction of (nonempty) subdifferen-
tial of quasi-convex functions plays an important role in quasi-convex optimization. Several
different types of subdifferentials of quasi-convex functions have been introduced in the lit-
erature, see [3, 17, 21, 26] and references therein. In particular, Kiwiel [26] and Hu et al.
[21] introduced a quasi-subdifferential and applied this quasi-subgradient in their proposed
subgradient methods; see, e.g., [21, 23, 26].

Definition 2.1. Let f : R® — R be a quasi-convex function and let ¢ > 0. The quasi-
subdifferential and e-quasi-subdifferential of f at x € R™ are respectively defined by

8*f(flf) = {g eR": <g7y - .’L’> <0,Vy € 1eV<f(a:)f} )

and
Of(x):={geR": (gy—x) <0,Vy €lev_p)_f}-

Any vector g € 0% f(z) or g € 0 f(x) is called a quasi-subgradient or an e-quasi-subgradient
of f at x, respectively.

It is clear from definition that the quasi-subdifferential is a normal cone to the stric-
t sublevel set of the quasi-convex function, and it was shown in [21, Lemma 2.1] that
O*f(x) \ {0} # 0 whenever f is quasi-convex. Hence, the quasi-subdifferential of a quasi-
convex function contains at least a unit vector. This is a special property that the convex sub-
differential does not share. In particular, it was claimed in [21] that the quasi-subdifferential
coincides with the convex cone hull of the convex subdifferential whenever f is convex.

The Holder condition (restricted to the set of minima) was used in [28] to describe some
properties of the quasi-subgradient, and it plays a critical role in the study of convergence
analysis in quasi-convex optimization; see, e.g., [21, 55]. The notion of Holder condition has
been widely studied and applied in harmonic analysis, fractional analysis and management
science; see, e.g., [3, 50]. It is worth noting that the classical Lipschitz condition (i.e., Hélder
condition of order 1) is equivalent to the bounded subgradient assumption, which is always
assumed in the literature of subgradient methods (see, e.g., [6, 27, 49]), whenever f is convex.
f* and X* denote the optimal value and the solution set of problem (1.1), respectively.

Definition 2.2. Let p € (0,1] and L > 0. The function f : R™ — R is said to satisfy the
Hélder condition (restricted to X*) of order p with modulus L on R™ if

f(z) — f* < Ldist?(x, X*)  for each x € R".

We end this section by the following lemmas, which are useful to establish the unified
framework of convergence analysis. In particular, Lemmas 2.1 is taken from [27, Lemma 2.1].



Lemma 2.1. Let {ax} be a scalar sequence and let {wy} be a sequence of nonnegative scalars.
Suppose that limy,_, Zle w; = oo. Then, it holds that

k k

.. .. i—1 Wiay . 1WA .

hgn inf a < h]gn inf @ < lim sup # < lim sup ag.
—00

—00 Zf:l w; k—o0 Zi:l w; k—o0

Lemma 2.2. Letr >0, a >0, b> 0, and let {ux} be a sequence of nonnegative scalars such
that
U1 < up — au,ljr +0b for each k € N. (2.1)

(i) If b= 0, then
1
Ugr1 < uy (14 rautk)”r  for each k € N.

(ii)) If0<b< cf%(l + 7“)71#, then there exists T € (0,1) such that

e (D\TT
Ugy1 S urT” + ; for each k € N.

Proof. Assertion (i) of this lemma is taken from [42, pp. 46, Lemma 6], then it remains to
1
prove assertion (ii). For this purpose, let u := (%) 47 Then, (2.1) is reduced to
Upr1 — U < up —u—a (u,ff’” — uHr) for each k € N. (2.2)

As 7 > 0, by the convexity of h(t) := t'*", one has that u,*" — ul*" > (1 + r)u’ (uy, — ).
Then (2.2) implies that

up+1 —u < (1 —a(l+r)u")(uxy —u) foreach k € N.
Let 7:=1—a(1+r)u". It follows from the assumption that 7 € (0, 1), and thus,
Uy —u < 7(uy —u) for each k € N.
The conclusion follows and the proof is complete. ]

Lemma 2.3. Leta >0,b>0, s € (0,1) andt > s, and let {ug} be a sequence of nonnegative
scalars such that
U1 < (1 — ak_s) up + bkt for each k € N. (2.3)

(i) Ift > s, then

b
g1 < —k5HFo(k57Y).
a
(ii) Ift = s, then there ezists T € (0,1) such that

_as_ b
Ug1 < urei-—s 7k + o for each k € N.



Proof. Assertion (i) of this lemma is taken from [42, pp. 46, Lemma 5], then it remains to
prove assertion (ii). To this end, we derive by (2.3) (when ¢t = s) that, for each k € N,

— < — s — < —_

7

k
(1 —ai™®). (2.4)

=1

Note that

k
k s k+1 —s k+1 —s as
H(l —az'—s) _ ezizlln(l—az ) < €f1 In(l—at™%)dt < €f1 —at™5dt < elosk

i=1

i

where 7:= e~ € (0,1). This, together with (2.4), yields the conclusion. O

3 A unified framework for subgradient methods

In the present paper, we discuss subgradient methods for solving the quasi-convex optimiza-
tion problem (1.1), in which the solution set and the optimal value are denoted by X* and
f*, respectively. The class of subgradient methods is one of the most popular numerical
algorithms for solving constrained optimization problems. In view of the procedure of sub-
gradient methods, the basic inequality of a subgradient iteration is an important property
and plays as a key tool for convergence analysis of subgradient methods for either convex or
quasi-convex optimization problems.

This section aims to investigate the iteration complexity and convergence rates of sub-
gradient methods via a unified framework, in which a general (inexact) basic inequality is
assumed to be satisfied. In particular, we fix ¢ > 0 and p € (0, 1], and consider a sequence
{zr} C X that satisfies the following two conditions:

(H1) For each z* € X* and each k € {i € N: f(x;) > f* + €},
1
|zhir — 2*))? = [|op — 2*|? < —cnvn(f(ag) — 5 — €)» + Bruvi. (3.1)
(H2) {ax} and {B;} are two sequences of positive scalars such that

lim ap = >0 and lim g = > 0. (3.2)
k—oo k—o0

Condition (H1) measures the difference between two distances of iterates from a possible
solution by calculating the difference between the function value and the optimal value with
a noise, and condition (H2) characterizes some assumptions on the parameters. In the special
case when € = 0, conditions (H1) and (H2) are reduced to the unified framework studied in
[55], where the global convergence theorem was established, but no convergence rate analysis.
The nature of subgradient methods forces the generated sequence to comply with conditions
(H1) and (H2) under some mild assumptions, and thus, this study provides a unified frame-
work for various subgradient methods for either convex or quasi-convex optimization problems
(one can also refer to [55] for details).



- For convex optimization problems and under a bounded subgradient assumption, condi-
tion (H1) with p = 1 and (H2) are satisfied for the subgradient-type methods, including
the standard subgradient method [49], the approximate subgradient method [27], the
primal-dual subgradient method [36], the incremental subgradient method [35], the
conditional subgradient method [30] and a unified framework of subgradient methods
[39].

- For quasi-convex optimization problems and under the assumption of Hélder condition
of order p, conditions (H1) and (H2) are satisfied for several types of subgradient meth-
ods, such as the standard subgradient method [26], the inexact subgradient method
[21], the primal-dual subgradient method [22] and the conditional subgradient method
[23].

3.1 Convergence theorem

As by-products, this subsection aims to establish the convergence theorem of the sequence
satisfying conditions (H1) and (H2) for some suitable stepsize rules {vy}. The stepsize rule
has a critical impact on the convergence behavior and numerical performance of subgradient
methods. In the present paper, we consider three typical stepsize rules: (i) the constant
stepsize rule is the most popular in applications but only guarantees the convergence to the
optimal value/solution set within some tolerance; (ii) the diminishing stepsize rule guaran-
tees the convergence to the exact optimal value/solution set but suffers a slow convergence
rate; (iii) the dynamic stepsize rule enjoys the best convergence property but requires prior
information of the approximate optimal value f* + ¢; see [35, 52, 55] and references therein.
Theorem 3.1 extends [55, Theorem 3.1] (considering the special case when € = 0) to the in-
exact setting, while the skeleton of the proof is similar to that of [55, Theorem 3.1]. To make
this paper more self-contained, we provide a proof of the convergence theorem as follows. We
write X[ := X Nlev< sy f for the sake of simplicity, and particularly, X5 = X*.

Theorem 3.1. Let {z1} C X satisfy (H1) and (H2). Then, the following assertions are true.

(i) If vp =v >0, then liminfyoo f(zy) < f*+ (@)p te

[0}

(ii) If {vx} is given by
vg :=ck™ %, wherec>0, s € (0,1), (3.3)

then liminfy_ o f(zr) < f* +e.

(iii) If {vi} is given by

A | -
vy 1= O;’“—B:[f(xk)—f*—e]i, where 0 < A < Ay <A< 2, (3.4)

then either xy, € X} for some k € N or limg_,oo f(zr) < f* +e.



Proof. Without loss of generality, we assume that f(z;) < f* 4 € only occurs for finitely
many times; otherwise, assertions (i) and (ii) of this theorem hold automatically. That is,
there exists N € N such that f(zx) > f* + € for each k > N; consequently, letting z* € X*,
(H1) indicates that

1
epi1 — 2% — |z — 2%])? < —opvr(f(zr) — F5 — )P + Broi

for each k£ > N. Summing the above inequality over £k = N, ..., n, we have
n 1 n
[ng1 — %[> = lon — 2*]> < = D apor(fae) = £ = €)7 + > Brog,
k=N k=N

that is,

3 =

Y ohen ke (f(xk) — [* —¢€) < lzn — 2*|? n S hon Brvd
D k=N QKU T RN RV Y- N QkVk

(i) By the constant stepsize rule and (3.2), one has lim, o Y ,_ v vk = 00. Then, by

(3.5)

(3.5), Lemma 2.1 is applicable (with (f(zr) — f* — e)% and agvg in place of ax and wyg) to
concluding that

1
lim inf dopen vk (f () = f* —€)r
e ZZ:N QUL
lim inf (”mN il + Dk N 51;7)1%) '

S I
IN

likrginf (flzg) — f"—¢)

AN

(3.6)

Note by (3.2) and Lemma 2.1 that

o — o Sy Bt _ fo

lim =0 and Ilim =
n—oo ZZ:N €7X0) n—00 ZZ:N QUL Q

B =

This, together with (3.6), shows that liminfy . (f(zx) — f* —€)
(i) of this theorem is proved.

(ii) By (3.2) and (3.3), one has lim, o > _p_ v QxUx = 00; consequently, (3.6) holds. Note
by (3.2), (3.3) and Lemma 2.1 that

< %, and hence assertion

_ax]|2 n 2
lim 7”37]\[ x H =0 and lim 721“:N/Bkvk

=0.
n—roo ZZ:N QUL n—00 ZZ:N QLU

This, together with (3.6), yields that liminf;_ o f(zr) < f* + €, as desired.
(iii) Without loss of generality, we assume that f(zy) > f* + € for each k € N; otherwise,
assertion (iii) of this theorem follows. By (3.2), there exists N € N such that

Br <28 and ak>% for each kK > N.



Then, for each z* € X*, it follows from (3.1) and (3.4) that, for each k > N,

2 2
lzpis — 22 = o — 27> < ——E X2 = M) (Flax) — 5 — €)p
4B,
2 2
< A= D) — S = 9. (3.7)

This shows that limy_,o f(zr) < f* + € otherwise, it follows from (3.7) that there exists
o > 0 such that ||zg 1 —2%||? < |2 — 2*||? — o for infinitely many k& > N, which is impossible
(as {||zr — =*||} is nonnegative). O

Remark 3.1. It is worth noting that the conclusion of Theorem 3.1(ii) is also true for the
general diminishing stepsize rule, i.e., satisfying

v > 0, kli}n;o v, =0, quk = 0. (3.8)

3.2 Iteration complexity

This subsection is devoted to the complexity issue of the sequence satisfying conditions (H1)
and (H2) when using the typical stepsize rules. Given § > 0, the iteration complexity of a
particular algorithm is to estimate the number of iterations K required by the algorithm to
obtain an approximate solution, at which the function value is within § of the optimal, i.e.,

i < FEas.
1£?Kf($k)_f +

We write

ainf := inf ap,  and  Beup = sup By
keN keEN

for simplicity. It is clear that ai,s € (0, 4+00) and SBsyp € (0,400) under the assumption (H2).
Theorem 3.2. Let 6 > 0, and let {z} C X satisfy (H1) and (H2).

(i) Let K; := dist*@1,X") g vg =v > 0. Then

Qinfvo

8 p
min  f(zg) < f*+ (pv—i—5> + €.

su
1<k<K, Ainf

1
(ii) Let Ky := (M> " and {v} be given by (3.3). Then

Qinfco

: /BSU.p — b
< f* —ck™*+6 :
i, o) < 7+ (G201 6) o

(iii) Let K3 := %2(%’;;*) and {vi} be given by (3.4). Then
infA\4T

i < FH P 4
1;}3&3]‘(%)*]‘“ + 0P + e

10



Proof. (i) We prove by contradiction, assuming for each 1 < k < K that

5 p
flzg) > 5+ (Supv—l-5> + €

inf
hence, by (H1), we obtain by (3.1) (with Px«(«*) in place of 2*) that
Bsup

inf

distQ(ka, X" < distQ(wk, X*) — Qngv ( v+ 5) + BsuPUQ = dist2(:z:k, X™) — Qyngvo.

Summing the above inequality over k = 1,..., K1, we obtain that
dist? (z g, 11, X*) < dist?(21, X*) — Kjajutvd,

which yields a contradiction with the definition of K;. Assertion (i) of this theorem is proved.
(ii) Proving by contradiction, we assume that

p
flzk) > fF+ (%cks + 5) +¢e foreachl <k < Ks.

inf

Then, we obtain by (3.1) and (3.3) that

inf

dist?(zg41, X*) < dist?(zp, X*) — cinrvp <5sup v+ 6) + 5supv,% = dist? (2, X*) — qinrcdk ™,

and thus,

distQ(xK2+1, X*) < distz(:vl, X*) — ajptcd 25221 kS
< dist2(a:1, X*) — jptcd f1K2+1 t—5dt
= dist? (21, X*) — ain 7 (K2 + 1)1 — 1),

which is negative by the definition of Kj3. This contradiction yields assertion (ii) of this
theorem.
(iii) Proving by contradiction, we assume that

flzg) > ff+ 6P +e foreach 1 <k < Ks.

Then, it follows from (3.1) and (3.4) that

2

2
dist?(wpe1, X*) < dist?(zg, X*) — %Ak(z AN (flar) = fF—e)r
k
o? _
< dist?(zp, X*) — 2L (2 — N)62
4=ﬁsup
Summing the above inequality over k = 1,..., K3, we derive that
a? _
dist?(z g, 41, X*) < dist?(z1, X*) — K3—2L\(2 — X)o7,
4ﬁsup
which yields a contradiction with the definition of K3. The proof is complete. O

11



Remark 3.2. Theorem 3.2 shows that the sequence satisfying conditions (H1) and (H2)
possesses the computational complexity of O(1/kP), O(1/kpmints1=s}) and O(1/k%) to fall
within a certain region (expressed by an additive form of the stepsize and noise) of the optimal
value when the constant, diminishing or dynamic stepsize rules are used, respectively. In
particular, in the cases of the diminishing stepsize rule, the optimal complexity is gained
when s = %, and thus, vy = ck™2 is the best choice among the type of (3.3).

3.3 Convergence rate analysis

The establishment of convergence rates is significant in guaranteeing the numerical perfor-
mance of relevant algorithms. The aim of this section is to establish the convergence rates
for the sequence satisfying conditions (H1) and (H2) under the assumptions of weak sharp
minima and/or some suitable assumptions on the noise.

The concept of weak sharp minima was introduced by Burke and Ferris [10], and has been
extensively studied and widely used to analyze the convergence rates of many optimization
algorithms; see [7, 20, 52, 56] and references therein. One natural extension of this concept
is the weak sharp minima of Holderian order; see [5, 21, 51, 56] and references therein.

Definition 3.1. Let f : R" - R, X CR" and X* := argmin{f(z) : z € X}. Let 2* € X*,
SCR", n>0andq>1. X* is said to be

(a) the set of weak sharp minima of order q for f on S over X with modulus n if

J(y) - Fla®) > ndist?(y, X*) for each y € SN X;

(b) the set of (global) weak sharp minima of order q for f over X with modulus n if X* is
the set of weak sharp minima of order q for f on R™ over X with modulus n;

(c) the set of boundedly weak sharp minima of order q for f over X if, for each r > 0 such
that X* N B(0,7) # 0, there exists n. > 0 such that X* is the set of weak sharp minima
of order q for f on B(0,r) over X with modulus ;.

Remark 3.3. It is clear that the global weak sharp minima of order q implies the boundedly
weak sharp minima of order q. Moreover, the larger the q, the less restrictive the global (resp.
boundedly) weak sharp minima of order q. In particular, when q = 1, this concept is reduced
to the global (resp. boundedly) weak sharp minima; see, e.g., [9, 10].

The following theorems present the linear (or sublinear) convergence rates of the sequence
{z}} satisfying (H1) and (H2) to a certain neighborhood of the solution set when using dif-
ferent stepsize rules and under the assumption of boundedly weak sharp minima of Holderian
order. To this end, we further require the following condition to ensure the bounded property
of {xr} when the constant or diminishing stepsize rule is adopted.

(H3) For each k € N,
[@kr1 — zill < Yevw, (3.9)

where {v;} is a sequence of positive scalars such that limy_, v = > 0.
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Condition (H3) characterizes an upper bound (related to the stepsize) of the distance between
the successive two iterates, which is always satisfied for various subgradient methods for either
convex or quasi-convex optimization problems; see, e.g., Section 4 and [55].

Theorem 3.3. Let {z;} C X satisfy (H1)-(H3) and vy = v > 0. Suppose that f is coercive
and that X* is the set of boundedly weak sharp minima of order q for f over X with modulus
n. Then, the following assertions are true.

(i) If g = 2p, then either x), € X} for some k € N or there exist T € [0,1) and N € N such
that

1

dist? (zpyn, X*) < 7Rdist?(zy, X*) + 2%_177_5 (e; + ﬁv) for each k € N.
a

1 2
(ii) If ¢ > 2p and e» + % < nfm(j—p)ﬁ, then either xy, € X! for some k € N or there

vq

exist T € (0,1) and N € N such that

2p 2 1

2
1ot * k 3:042 * 2_2p _2 BU YP
dist”(zpyn, X¥) < 7¥dist“(zn, X*) +2¢ oy o | er + — for each k € N.
a

Proof. Without loss of generality, we assume that f(zy) > f* + € for each k € N; otherwise,
this theorem holds automatically. Consequently, (H1) says that, for each * € X* and k € N,

1
ey = 2*|* < flow — 2*|* — awv(f(zn) = £* = €)r + Brv®. (3.10)
We first claim that {z;} is bounded. To this end, we fix £ > 1 and define

P
o=k (ﬁv) +e€, X;:=XnNlevepiof and p(o):= max dist(z, X™). (3.11)
(07 - reX]

By the coercive assumption, it follows that its sublevel set lev< . f is bounded, and so is
X%. Then, one has by (3.11) that p(0) < co. By (H2) and (H3), there exists N € N such
that

om_% <ap < omﬁ, ﬁm_ﬁ < B < ﬂmﬁ and 7, < 2y for each k> N. (3.12)
Fix k£ > N. Below, we show
dist(zg+1, X¥) < max{dist(zg, X™), p(o) + 2yv} (3.13)
by claiming the following two implications:

[f(zk) > ff+0o] = [dist(zgy1, X¥) < dist(zg, X7)]; (3.14)

[flzp) < ff+0o] = [dist(zry1, X¥) < plo) + 2792]. (3.15)
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To prove (3.14), we suppose that f(zy) > f*+ 0. Then, for each z* € X*, one has by (3.10)
that )
21 — 2 < [log — 2*|° — agv(o — )7 + Bro? < ||z — ™|

(due to (3.11) and (3.12)). Consequently, (3.14) can be proved by selecting x* = Px«(x).
To show (3.15), we assume that f(zx) < f*+ 0. Then xp € X, and so (3.11) says that

o

dist(xg, X*) < p(o). This, together with (3.9) and (3.12), shows (3.15). Therefore, (3.13) is
proved, as desired.

Note by Theorem 3.1(i) that liminfy_,o f(zr) < f* + (%)p + ¢, and note by x > 1 and
(3.11) that o > (ﬂa—“)p—i—e. Then, we can assume, without loss of generality, that f(zy) < f*+o
(otherwise, we can choose a larger N). Consequently, we have by (3.15) that dist(zn4+1, X™) <
p(0) + 2yv, and inductively obtain by (3.13) that

dist(zg, X*) < p(0) + 2yv for each k > N. (3.16)

Hence, {z\} is proved to be bounded (since X* C X* is bounded), as desired. That is, there
exists 7 > 0 such that X* C B(0,r) and {z;} C B(0,r) for each k € N. Then, by assumption
of boundedly weak sharp minima property of order g, there exists > 0 such that

f(zk) — f* > ndist(zg, X*) for each k € N. (3.17)
Selecting z* = Px+«(z), we deduce by (3.10) and (3.12) that, for each k > N,
dist?(zpq, X*)
< dist?(xp, X*) — avﬁfﬁ(f(a:k) o 6)% + ﬁlﬁﬁiﬁ (3.18)
< dist?(zg, X*) — 2" v avk "3 (f(ax) — f*)7 + vk Fer + BrInv?,
where the last inequality holds because

(a—0)" > 21777 — b7 whenever a > b > 0 and v>1 (3.19)

(cf. [24, Lemma 4.1]). Below, we prove this theorem in the following two cases.
1 1 1
(i) Suppose that ¢ = 2p. Setting 7 := (1 — 21_5avﬁ_5n5)+ € [0,1) and substituting
(3.17) into (3.18), we achieve that

1 1 1
dist?(xp11, X*) < 7dist?(zy, X*) + avk~ 2 er + fr200?  for each k > N.

Then, we inductively obtain that

1 1 1

(awk 2 er + fr2v?) for each k € N;

1
dist?(zpyn, X*) < 7Rdist?(zy, X*) + ]

consequently, the conclusion follows (noting that x > 1 is arbitrary).
1 2
(ii) Suppose that ¢ > 2p and aer + fv < (aPn) a-2p (v%)_q—gp. We obtain by (3.17) and
(3.18) that, for each k > N,
1

1 1 1 11
dist? (x4 1, X*) < dist?(zg, X*) — 21_5avm_%n5dist%(xk,X*) + vk~ wer + Br2ud,
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1 1 1 1

1
Then, Lemma 2.2(ii) is applicable (with dist?(zj, X*), % —1, 2 ravk np, QUK 2P €P +

1
Br2v? in place of ug, r, a, b) to obtaining the conclusion. ]

Theorem 3.4. Let {z;} C X satisfy (H1) and (H2), and {vi} be given by (3.4). Suppose
that X™* is the set of boundedly weak sharp minima of order q for f over X with modulus n.
Then, the following assertions are true.

(i) If g = p and € > 0, then either x, € X} for some k € N or there exist 7 € [0,1) and
N € N such that

dist? (2 n, X*) < Thdist*(zy, X*) + 27 ' per  for each k € N (3.20)

(ii) If g > p and € = 0, then either xy, € X* for some k € N or there exist v >0 and N € N

such that
< dist?(zn, X*)

dist?(zpn, X*) < - for each k € N. (3.21)
(1 +~k)a—>r

Pq

(iii) Ifg>p and 0 < e < (%3(2 — X)>_2(q_p) n_ﬁ, then either x € X} for some k € N
or there exist T € (0,1) and N € N such that

2
q

dist? (zppn, X*) < 7Rdist?(zy, X*) + 27~ 7]7363 for each k € N. (3.22)
Proof. Without loss of generality, we assume that f(zy) > f* + € for each k € N; otherwise,

this theorem holds automatically. Combining (3.1) with (3.4), we obtain that there exists
N € N such that, for each & > N,

dist? (241, X*) — dist®(zg, X*)

O[2
< —ﬁ/\k@ =) (fzk) = =€)
2 3@2 — 3 o

<2 I E AR M) - £ B A -0

kSEIN)

(3.23)

(due to (3.12) and (3.19)). It follows from the proof of Theorem 3.1(iii) (cf. (3.7)) that {x}
is bounded. Then, there exists r > 0 such that X*NB(0,7) # 0 and {zx} C B(0,r) for each
k € N. By the assumption of boundedly weak sharp minima property of order ¢, there exists
n > 0 such that

f(zk) — f* > ndist?(zy, X*) for each k € N. (3.24)

(i) Suppose that ¢ = p. Setting 7 := (1 — 9k %A(Q —X)n%)Jr € [0,1), we obtain by
substituting (3.24) into (3.23) that
2 J—

dist? (zps1, X*) < rdist? (2, X*) + 52 %3(2 ~Ner for each k> N.
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Then, we inductively obtain

! _21—042)\ 2-Ner f hkeN
13 — P .
Tk 457( Jer for each k € N;

dist? (2, X*) < Rdist?(xy, X*) +

hence, (3.20) holds (noting that x > 1 is arbitrary), and assertion (i) is proved.
(ii) Suppose that ¢ > p and € = 0. Then, combining (3.23) and (3.24) implies that, for
each k > N,

1_2 3

dist? (g, X*) < dist?(a, X7) = 2177w 702 - Nr dist # (25, X*).

Then, Lemma 2.2(i) is applicable (with dist?(zy, X*), 2l r kT Z—;A@—X)n , %— 1 in place of
2

ug, a, r) to concluding that (3.21) holds with y := 91" b kT %A@—X)nEdis‘cf—Q(mN, X*).

NN

___Pq
(iii) Suppose that ¢ > p and 0 < € < (%3(2 - X)) Hamw) rfﬁ. We obtain by (3.23)
and (3.24) that, for each k > N,

2 - 2. 2 _3a? - 2
A2—=Nnrdist? (v, X*)+r 2 @A(Q—A)GP.

2 _3 @«

dist? (241, X*) < dist? (zg, X*) =2 k2 e

Then Lemma 2.2(ii) is applicable (with dist?(a,, X*), %—1, 91~ 5 k2 %A(Q—X)n%, K2 %3(2—

— 2
A)er in place of ug, r, a, b) to concluding that there exists 7 € (0,1) such that (3.22) is sat-
isfied. O

Theorem 3.5. Let {z;} C X satisfy (H1)-(H3), and {vi} be given by (3.3). Suppose that f
is coercive and that X* is the set of boundedly weak sharp minima of order 2p for f over X
with modulus n. Then, the following assertions are true.

(i) If e =0, then either xj, € X* for some k € N or there exists N € N such that

1
o\ -
distQ(xk,X*) < % <77> ’ k=% for each k > N.

(ii) If € > 0, then either x, € X} for some k € N or there exist C > 0 and 7 € (0,1) such
that

1
"
dist?(zy, X*) < O7F + <€) ’ for each k € N.
n

Proof. Without loss of generality, we assume that f(xg) > f* + € for each k € N; otherwise,

this theorem holds automatically. Then, (H1) and (3.3) show that, for each z* € X} and
keN, )

lzpe1 — 2| < |lzp — 2*||* — anck ™5 (f(z) — f* — €)7 + Bpc®h 2. (3.25)

Fix k > 1 and o > ¢, and define X} and p(o) by (3.11). By (H2) and (H3), there exists

1

N > (%) (=5 )é such that (3.12) is satisfied. Similar to the arguments that we did for

g—€
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(3.16), we can derive that dist(xg, X*) < p(0)+2vc for each k > N. Hence, {z} is bounded,
and then, by assumption of boundedly weak sharp minima property of order 2p, there exists
n > 0 such that (3.17) is satisfied with ¢ = 2p. This, together with (3.25) and (3.19), implies
that, for each &k > N,

dist?(zp11, X¥) < (1—21_%0@%_%77%ck:_s)dist2(:ck,X*)—I—aﬁ_%eick/‘_s—l—ﬁﬁ;%gk#s. (3.26)

1 1 1 1
(i) Suppose that € = 0. Lemma 2.3(i) is applicable (with 2" »ax™ % nrc, Br2 2, 25 in
place of a, b, t) to obtaining the conclusion (as x > 1 is arbitrary).
1

(ii) Suppose that € > 0. Letting N > (%) (5)9171, (3.26) is reduced to
1 1 1 1 1
dist? (241, X*) < (1 — 2" par~ 2o ck®)dist?(zg, X*) + 20K P erck™>,

1 1 1 1 1
and then, Lemma 2.3(ii) is applicable (with 21_504/@_2771750 and 2ak” 27 erc in place of a and
b) to obtaining the conclusion. O

Remark 3.4. Theorems on convergence rates improve the results in [55], in which only the
global convergence theorems were provided.

(i) Theorems 3.3 and 3.4 show the linear convergence rates of the sequence satisfying
(H1)-(H3) to a certain region (i.e., (’)((e% + 0)27?) or (’)(e%)) of the solution set under the
boundedly weak sharp minima of order q when using the constant or dynamic stepsize rules,
respectively.

(ii) In the special case when ¢ = 0 and using the dynamic stepsize rule, Theorem 3.4
presents the linear (or sublinear) convergence of the sequence satisfying (H1)-(H2) to the
solution set under the boundedly weak sharp minima of order q.

(iii) When using the diminishing stepsize rule (3.3) and under the boundedly weak sharp
minima of order 2p, Theorem 8.5 shows the sublinear convergence rate to the solution set or
the linear convergence rate to a certain region (i.e., O(er)) of the solution set for the exact
or inexact framework, respectively.

4 Applications to subgradient methods

Quasi-convex optimization plays an important role in various fields such as economics, finance
and engineering. The subgradient method is a popular algorithm for solving constrained
quasi-convex optimization problems. It was shown in [55] that several types of subgradient
methods for solving quasi-convex optimization problem satisfy conditions (H1)-(H3) assumed
in the unified framework (with € = 0) under the Holder condition. Hence, in this section, we
directly apply the convergence theorems obtained in the preceding section to establish the
convergence properties of several subgradient methods for solving quasi-convex optimization
problems. The convergence theorems (resp. Theorems 4.1, 4.5 and 4.9) cover the existing
results in the literature of subgradient methods (resp. [55, Theorem 4.2], [21, Theorem 3.1]
and [23, Theorems 3.3 and 3.5]). To the best of our knowledge, the theorems of complexity
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estimation (i.e., Theorems 4.2, 4.6 and 4.10) and convergence rates (i.e., Theorems 4.3, 4.7
and 4.11) of subgradient methods for quasi-convex optimization are new in the literature.
Throughout the whole section, we make the following blanket assumption:

e f:R" — R is quasi-convex and continuous, and satisfies the Holder condition of order
p with modulus L on R™.
4.1 Subgradient method

It was claimed in [55] the standard subgradient method (i.e., Algorithm 1.1) satisfies the
following basic inequality under the blanket assumption:

1
L) — f*\r
e = a7 < o — a7 — 20 (L9072

whenever f(xp) > f*, and ||zx+1 — zk|| < vg. That is, conditions (H1)-(H3) are satisfied with
1
e=0, ar=2L"7r, [Br=1 =1

Therefore, the convergence theorems established in the preceding section can be directly
applied to establish the convergence properties of the standard subgradient method as follows.

Theorem 4.1. Let {1} be a sequence generated by Algorithm 1.1.
(i) If vy =v >0, then liminfy_,o f(xg) < f*+ L (%U)p.
(i1) If {vk} satisfies (3.8), then liminfy_,o f(zx) < f*.

(iii) If {vg} is given by
Vg 1= )\k <f(xk)_f> s where 0 < A < )\k. < X < 2, (41)

then limy_, oo f(xg) = f*.

Remark 4.1. For the dynamic stepsize rule (4.1) ((4.8) or (4.9) in the sequel), once xy,
enters X* (or X}), the stepsize will be zero, the iterates will stay at the solution (or the
approzimate solution), and thus, the conclusions of global convergence and convergence rate
follow automatically.

Theorem 4.2. Let 6 > 0, and let {x}} be a sequence generated by Algorithm 1.1.
1 . 1 P
(i) Let K; := % and vy =v > 0. Then 1<rili<r}( flzk) < f*+ (%LEU + 5) )
SRS

1

E * 1—s
(ii) Let Ky := <(1_S)Lpgf;2(ml’X )) and {v} be given by (3.3). Then

] <
 nin flzy) <
p

fe+ (3Lvek™ +9)
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2
. Lrdist?(z1,X*) . . %
(iii) Let K3 := e and {v} be given by (4.1). Then 1§I}€1%I}<3f(l‘k) < fF 0P

Theorem 4.3. Let {x} be a sequence generated by Algorithm 1.1. Suppose that X* is the
set of boundedly weak sharp minima of order q for f over X with modulus 7.

(I) Suppose that v, = v > 0 and that f is coercive.

(i) If ¢ = 2p, then either xy, € X* for some k € N or there exist 7 € [0,1) and N € N
such that

1
1o (L\P
dist? (zpqn, X*) < 7Fdist?(zy, X*) + 272 <> v for each k € N.
n

(i) If ¢ > 2p and v < (2*1’%(%)%) 7P then either xj, € X* for some k € N or there
exist T € (0,1) and N € N such that

4p q 2p

2 4 (L 2p
dist? (2, X*) < 7Rdist?(zy, X*) + 24 g <> va for each k € N.
n

(IT) Suppose that {vy} is given by (3.3), ¢ = 2p and that f is coercive. Then, either xy € X*
for some k € N or there exists N € N such that

1
2L\ r
dist?(zy, X*) < () Tk for each k > N.
n

N O

(III) Suppose that {vy} is given by (4.1).
(i) If ¢ = p, then there exist T € [0,1) and N € N such that
dist?(zp oy, X*) < 7Fdist?(zy, X*)  for each k € N.

(ii) If ¢ > p, then there exist v > 0 and N € N such that
dist?(zn, X*)

dist2($k+N,X*> < —5—
(1)

for each k € N.

Remark 4.2. (i) When using the dynamic stepsize rule, the linear convergence rate of the
subgradient method for solving convexr optimization problems was shown in [8, Theorem 2.5]
under the assumption of weak sharp minima. Theorem 4.3 remarkably extends the result in
[8] to quasi-convex optimization, using several typical stepsize rules and under the weaker
assumption of weak sharp minima of Holderian order.

(i) When using the constant stepsize rule, [25, Theorem 1] proved the linear convergence
rate of the subgradient method for solving convex optimization problems under the assumption
of weak sharp minima of Hélderian order. Theorem 4.3 extends the result in [8] to quasi-

conver optimization and using several typical stepsize rules.
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The finite convergence is a strong convergence property of optimization algorithms. For
example, the proximal point algorithm has the finite convergence property under the assump-
tion of weak sharp minima; see, e.g., [13, 53]. However, the subgradient method may not
converge within the finite iterations to an optimal solution under the assumption of weak
sharp minima, even for the convex optimization problem; see the following counter-example.

Example 4.1. Consider the optimization problem

min f(z) = |z].

Clearly, its solution set is X* = {0}, and f is a (quasi-)convex function and satisfies the weak
sharp minima and the Lipschitz condition. Note that its convex subdifferential Of(x) = {1}
and {—1} (resp. quasi-subdifferential 0* f(x) = Ry and R_) if x > 0 and x < 0, respectively.
Selecting the initial point £1 = \/2 and the constant stepsize v = 1 or the diminishing stepsize
v = % or the dynamic stepsize (4.1) (with \y, = X # 1), one can check that the sequence
generated by the convex subgradient method (resp. Algorithm 1.1) cannot achieve the solution
within finite iterations.

In the following theorem, we establish the finite convergence property of the subgradient
method to the solution set X* of problem (1.1) under the assumption that X* has a nonempty
interior.

Theorem 4.4. Let {xy} be a sequence generated by Algorithm 1.1. Let z* € X* and o > 0,
and suppose that B(x*,0) C X*. Then x, € X* for some k € N, provided one of the following
conditions:

(i) vy =v € (0,20) for each k € N.
(ii) {wvr} satisfies (3.8).

Proof. Proving by contradiction, we assume that f(xg) > fi for each & € N. By the process
of Algorithm 1.1, it follows from the nonexpansive property of projection operator that

lzps1 =21 < Nl = vkge — 2*I* = ok — 2% — 200 (gr, @ — 27) + o}

or eac € N. Summing the above inequality over kK =0, ..., n, one has
f hkeN. S ing the ab inequality k=0, , T, h
ZZ:O vk<gkuxk - x*> < ”:UO - J;*HZ + ZZ:O 'U]% ] (42)
> k=0 Uk T2 0vk 25Uk

By the assumption that B(2*,0) € X* and ||gx| = 1, one has 2" +og; € X* C XNlev ¢y, f-
Then, it follows from Definition 2.1 that (gi,x* + ogr — xx) < 0, that is, (gg, 2 — =*) > 0.
This, together with (4.2), shows that

on—x*\|2+ ZZ:OUlg >0 (4 3)
23 k—ovk 23 R-ovk '
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On the other hand, under either assumption (i) or (ii), one can check by Lemma 2.1 that

lzo ="l | Tige?
QZZ:O Uk

which arrives at a contradiction with (4.3). The proof is complete. ]

lim inf

<o
n—oo 2 EZ:O Uk ’

4.2 Inexact subgradient method

In many applications, the computation error stems from practical considerations and is in-
evitable in the computing process. To meet the requirement of practical applications, an
inexact subgradient method was proposed in [21] to solve a constrained quasi-convex op-
timization problem (1.1), in which an e-quasi-subgradient is employed (with an additional
noise), and the global convergence theorem is established there. This section is devoted to es-
tablishing the iteration complexity and convergence rates of the inexact subgradient method
for solving problem (1.1), which is formally described as follows.

Algorithm 4.1. Let ¢ > 0. Select an initial point 1 € R™ and a sequence of stepsizes
{vr} C (0,400). For each k € N, having xj, we select g € 9} f(xx) NS and update zj1 by

Th41 = Px(m‘k — ’ngk). (4.4)

We claim that the inexact subgradient method satisfies conditions (H1)-(H3) under the
blanket assumption. To this end, we provide in the following lemma an important property
of a quasi-convex function, which is inspired by [29, Proposition 2.1].

Lemma 4.1. Let x € X be such that f(x) > f*+ € and let g € 0 f(x) N'S. Then, it holds

that )
(g, — ™) > (f(:v)—Lf—e) ’ for each z* € X*.

Proof. Fix z € X be such that f(x) > f* +e. Then, the level set lev_j(,)_f is nonempty
open and convex by the blanket assumption that f is quasi-convex and continuous on R".
Given z* € X*, we define

ri=inf {|ly — 2" : y € bd (levepzy—f) } , (4.5)

where bd(Z) denotes the boundary of the set Z. It follows that » > 0 by the fact that
f(x) — e > f(z*) and the Holder condition. Furthermore, we have by Definition 2.2 that

f(y) — f* < LdistP(y, X*) for each y € R™.
Taking the infimun over bd (lev<f(gc),6f)7 we can show that

f(z) — f*—e< Linf {dist’(y, X*) : y € bd (lev<f(x)_€f)} < LrP. (4.6)
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Let 6 € (0,1). Since g € 97 f(z) NS, we obtain by (4.5) that x* + drg € lev_(,)_.f. Hence,
it follows by definition that

(g, — 2™y = (g,x — (& + drg)) + dr > or.

Since § € (0,1) is arbitrary, one has (g, z — z*) > r. This, together with (4.6), implies the
conclusion. O

Lemma 4.2. Let {x} be a sequence generated by Algorithm 4.1.
(1) Jerer — 2kl < g
(ii) If f(zx) > f* + €, then it holds for each x* € X* that

f(a) = I _€>; ol

k1 = 2% <l — 2] — 2u
L

Proof. Assertion (i) of this theorem directly follows from Algorithm 4.1 (cf. (4.4)). To show
assertion (ii), we suppose that f(xy) > f* + € and fix 2* € X*. In view of Algorithm 4.1, it
follows from the nonexpansive property of projection operator that

ek — 2 < |k — vegr — 2*|?

4.7
= ||z — 2*||* — 20k (g, Tk — T*) + V3. (47)
By the assumption that f(xzj) > f* + €, Lemma 4.1 is applicable to concluding that
1
* f(xk) — f* —€\r
— > | —— .
(gk, xp — 2%) = ( 7
This, together with (4.7), implies the conclusion. O

Lemma 4.2 shows that conditions (H1)-(H3) are satisfied for Algorithm 4.1 with
e >0, Oé]gEQL_%, Br=1, v =1.

Hence, the convergence theorems established in the preceding section can be directly applied
to establish the convergence properties of the inexact subgradient method as follows.

Theorem 4.5. Let {xy} be a sequence generated by Algorithm 4.1.
(i) If vy =v >0, then liminfy_, f(zx) < f*+ L (%v)p + €.
(i) If {vr} satisfies (3.8), then iminfy ,o f(xr) < f* +e.

(iii) If {vg} is given by
UV 1= Ak (f(xk);/f—e>1>’ where 0 < A< A\ <\ < 2, (4.8)
+

then limy_, oo f(xg) < f*+ €.
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Theorem 4.6. Let 6 > 0, and let {xx} be a sequence generated by Algorithm 4.1.

1
. _ LPpdist?(z1,X*) _ . * 172 P
(i) Let K = o= and vy =v > 0. Then | Jnin flzg) < f*+ <§LPU + 5) +e.

1

i o\ I—s
(ii) Let Ko := <(1S)Lpgf;2(xl’x )> and {vi} be given by (3.3). Then

] <
| Join flzy) <

£+ <%L%ck_5 + 5)p te

2
. Lrdist?(z1,X*) . . *
(iii) Let K3 := RS- and {vi} be given by (4.8). Then 1§r£g}(3f($k> < frHP+e

Theorem 4.7. Let {x} be a sequence generated by Algorithm 4.1. Suppose that X* is the
set of boundedly weak sharp minima of order q for f over X with modulus 7.

(I) Suppose that v, = v > 0 and that f is coercive.

(i) If ¢ = 2p, then either xy, € X} for some k € N or there exist T € [0,1) and N € N
such that, for each k € N,

1.9 11 1 1
dist? (zpen, X*) < 7Rdist?(an, X*) + 25 ' b (e; + QL;U) .

(ii) If ¢ > 2p and €7 + %L%v < nfﬁ(%L%)ﬁ, then either x, € X! for some
k € N or there exist T € (0,1) and N € N such that, for each k € N,

. .92 " k- .2 % 2_2p _2 1 1 1
dist”(zp4n, X*) < 70dist”(zn, X*) + 24 an « €P—|—§LP’U

(IT) Suppose that {v} is given by (3.3), ¢ = 2p and that f is coercive. Then, either x € X}
for some k € N or there exist C >0 and 7 € (0,1) such that

1
9\ 5
dist?(zy, X*) < C7F + (6> ’ for each k € N.
n

(III) Suppose that {vi} is given by (4.8).

(1) If ¢ = p, then either xy, € X} for some k € N or there exist T € [0,1) and N € N
such that

< .2 * k 3:.42 * 24 22
dist”(zpyn, X*) < 7°dist”(zn, X*) + 27 "1 rer  for each k € N.
-9 o _QL
(ii) Ifg > p and e < (%) o~ <%A(2 — /\)> “Pthen either x, € X for some k € N
or there exist T € (0,1) and N € N such that

P 2 2

dist? (zppn, X*) < Thdist2(zy, X*) + 25 4 des  for each k € N,
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Following a line of analysis similar to that of Theorem 4.4, we can obtain the finite
convergence property of the inexact subgradient method to the approximate solution set X
under the interior point assumption of X*. The proof is omitted.

Theorem 4.8. Let {xy} be a sequence generated by Algorithm 4.1. Let z* € X* and o > 0,
and suppose that B(z*,0) C X*. Then x, € X} for some k € N, provided one of the following
conditions:

(i) vy =v € (0,20) for each k € N.

(i1) {vr} satisfies (3.8).

4.3 Conditional subgradient method

The standard subgradient method (i.e., Algorithm 1.1) usually suffers from a zig-zagging phe-
nomenon and sustains a slow convergence in practical applications. To avoid the zig-zagging
phenomenon and speed up the convergence behavior, an idea of conditional subgradient
method was proposed for either convex optimization [30] or quasi-convex optimization prob-
lems [23], which is stated as follows. It is worth mentioning that the algorithmic procedure of
the conditional subgradient method is totally different from the conditional gradient method
(also named the Franke-Wolfe method) [14], although they share a similar name.

Algorithm 4.2. Select an initial point 1 € R™ and a sequence of stepsizes {v;} C (0, +00).
For each k£ € N, given x;, we calculate

Nx(zp) NS, if xx ¢ intX,

o* NS d
gr € 0" f(z) and  p € { {0}, if 23, € intX,

and update xg1 by
Tpt1 = Px(xp — v (9r + )

It was proved in [23, Lemma 3.2] the condition subgradient method satisfies the basic
inequality as follow under the blanket assumption:

1
xk) — T\ P
s = o2 < o = P = 2 (F20) 7

whenever f(xg) > f*, and ||xg41 — xk|| < 2vg. This shows that conditions (H1)-(H3) are
satisfied with )
e=0, ap=2L 7, pBr=4, =2

Hence, the convergence theorems established in the preceding section can be directly applied
to the conditional subgradient method as follows.

Theorem 4.9. Let {1} be a sequence generated by Algorithm 4.2.

(i) If vy = v > 0, then liminfg_,o f(xr) < f*+ L (20)P.
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(ii) If {vx} satisfies (3.8), then liminfy_,o f(zx) < f*.

(iii) If {vg} is given by
1
A —f*\ 7 3
vy = (f(:m)f) ,  where 0 < A< A\ < A< 2, (4.9)

then limyg o0 f(xp) = f*.
Theorem 4.10. Let § > 0, and let {xy} be a sequence generated by Algorithm 4.2.
1
1 . 1 P
(i) Let K; := % and vy =v > 0. Then min f(xg) < f*+ <2L11>v + 5) .
1<k<Ki
1

1. * 1—-s
(ii) Let Ko := <(15)LP(;1CS;Q(11,X )> and {v} be given by (3.3). Then min f(zg) <
1<k<K>

p

JARt (QL%ck—s + 5)

2
. 4LPdist?(x1,X*) . . *
(i) Let K3 := —Sae and {vg} be given by (4.9). Then | Jin flxg) < f* 4 0P.

Theorem 4.11. Let {x} be a sequence generated by Algorithm 4.2. Suppose that X* is the
set of boundedly weak sharp minima of order q for f over X with modulus 7.

(I) Suppose that vy, =v > 0 and that f is coercive.

(i) If ¢ = 2p, then either xy, € X* for some k € N or there exist T € [0,1) and N € N
such that

cp 2 * k q:c42 * 1 (L\»
dist”(zp4n, X*) < 7°dist”(zn, X*) + 27 ( — ) v for each k € N.
n

1

q

(ii) If ¢ > 2p and v < (ZP%(Q%)E) P then either x € X* for some k € N or there
exist T € (0,1), ¢ >0 and N € N such that

2 (L 2p
dist? (zpqn, X*) < 7Fdist? (zy, X*) + 2 <> "o for each k € N.
n

(IT) Suppose that {v} is given by (3.3), ¢ = 2p and that f is coercive. Then, either xy € X*
for some k € N or there exists N € N such that

1
2L\ »
dist?(zy, X*) < 2¢ <77> Tk for each k > N.

(III) Suppose that {vi} is given by (4.9).
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(i) If ¢ = p, then there exist T € [0,1) and N € N such that
dist? (zpyn, X*) < 7*dist?(zy, X*)  for each k € N.
(ii) If ¢ > p, then there exist v > 0 and N € N such that

< dist?(zn, X*)

dist?(zpn, X*) < - for each k € N.
(1 +~k)a—r

The following finite convergence property of the conditional subgradient method is recalled

from [23, Theorem 3.6].

Theorem 4.12. Let {x} be a sequence generated by Algorithm 4.2. Let z* € X* and o > 0,
and suppose that B(x*,0) C X*. Then xp € X* for some k € N, provided one of the following
conditions:

(i) vk =v € (0,%) for each k € N.

(i1) {wvr} satisfies (3.8).
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