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Abstract. The well-known Farkas-Minkowski (FM) type qualification plays an important role in linear semi-infinite
programming, and has been extensively developed by many authors in establishing optimality conditions, duality and stability
for semi-infinite programming. In this paper, we introduce the concept of quasi Slater condition for semi-infinite convex
inequality system and present that the Slater type conditions imply the FM qualification under some appropriate continuity
assumption of the set-valued mapping i — f;(z). Applying these relationships, we establish dual characterizations, both
asymptotic and nonasymptotic, for set containment problems and provide some sufficient conditions for ensuring the strong
Lagrangian duality and Farkas lemma.
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1. Introduction. Many problems in optimization and approximation theory can be expressed into the
following one/two types: one is a system of convex inequalities

x € C,; fi(r) <0 foreachie€l, (1.1)
and the other is a minimization problem

Minimize  f(z),
subject to  fi(x) <0, i € I, (1.2)
z e C,

where C' C R™ is a closed convex set, I is an arbitrary (possibly infinite) index set, f : R” — R := RU{+o00}
is a proper convex function, and each f; : R® — R is a convex function. These two problems have been
studied extensively by many authors under various degrees of generality imposed on the index set I, the
system of functions {f; : ¢ € I}, or on the underlying space; see e.g. [2, 3, 7, 17, 18, 21, 25, 27, 28, 30, 33]
and references therein.

Constraint qualifications involving epigraphs play an important role in optimization and have been
widely studied and extensively developed by many authors; see e.g. [2, 3, 6, 7, 11, 12, 15, 24, 30, 31, 32].
One of the most important constraint qualifications is the Farkas-Minkowski (FM) type qualification, which
was originally introduced in [4] for the linear system in the Euclidian space to study the duality theory.
Later Dinh et al. in [7] extended the FM qualification for the convex system {C;f; : i € I} in a locally
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2 Slater and FM Qualifications for Semi-infinite Programming

convex Hausdorff topological vector space, and Jeyakumar et al. in [22] proposed the FM qualification
for the cone system in a Banach space under the name of closed cone constraint qualification (CCCQ) to
establish optimality conditions, duality theorems and stability theorems. Furthermore, the FM qualification
was extended by Li et al. in [31] for the more general case when the involved functions are not necessarily
lower semicontinuous (in short, 1sc), where they named it the conical epigraph hull property (conical EHP),
which is equivalent to the FM qualification considered in [7] when the involved functions are lsc. The
relationships between the conical EHP and other well-known constraint qualifications, including the basic
constraint qualification (BCQ) for system (1.1), the sum of epigraphs constraint qualification (SECQ) and
the strong conical hull intersection property (CHIP) for the system {C,C; : i € I} of closed convex sets
were also studied in [30, 31]. These constraint qualifications play an important role not only in optimization
but also in many other areas, such as best approximation theory and conic programming. For more details
about the BCQ, SECQ and strong CHIP, one can refer to [9, 10, 18, 26, 27, 28, 29, 30, 31, 33].

In recent years, much attention has been given to establish and develop sufficient conditions for ensuring
constraint qualifications. One of the most well-known conditions is the Slater type condition. The Slater
condition was introduced in [33] for the semi-infinite convex inequality system in the Euclidean space. For
more general case, Li and Ng in [28] introduced the concepts of Slater condition and weak Slater condition in
a Banach space and provided some sufficient conditions to ensure the BCQ for system (1.1) under the weak
Slater condition. For a cone convex system, Jeyakumar et al. in [22] extended the generalized Slater type
conditions (i.e., the quasi-relative interior conditions) and showed that the generalized Slater type conditions
imply the CCCQ. Considering the special case of system (1.1) when each f; is the indicator function of a
closed convex set C; in a Banach space, Li et al. in [29] and [30] provided some interior-type sufficient
conditions for the system {C,C; : i € I} of closed convex sets to satisfy the strong CHIP and the SECQ),
respectively. However, to our knowledge, few papers are devoted to discussing when the system (1.1) satisfies
the FM qualification.

The main objective of this paper is to establish some sufficient conditions of the FM qualification in
the Euclidian space. Recall that the FM qualification implies the locally FM qualification, see [7, 15, 31]
for details, and it was shown in [7] that when the sup-function of {f; : ¢ € I'} is continuous, the locally
FM qualification is equivalent to the BCQ. Thus, it is natural to inquire whether the sufficient conditions,
originally proposed in [28] to ensure the BCQ, can imply the FM qualification. Considering the system (1.1),
we show in Section 3 that under an appropriate continuity assumption of the set-valued mapping i — f;(x),
both the Slater condition and the weak Slater condition can imply the FM qualification. Note that the
weak Slater condition requires the active constraints to be finite. To meet much broader class of problems,
inspired by a closure condition in [17], we introduce the concept of quasi Slater condition to cover the case
when the active constraints are infinite, which is much weaker than the weak Slater condition. Moreover,
we demonstrate that the quasi Slater condition also implies the FM qualification under the same continuity
assumption. These results extend and improve the corresponding results in [28] in the finite dimensional
space.

The motivation of our work stems from various applications. One is the set containment character-
ization, which has many applications in several important problems, such as optimization, mathematical
programming and knowledge-based data classification; see e.g. [13, 14, 16, 17, 23, 34, 35]. Here we specially
mention the works of Mangasarian [34] and Jeyakumar [21]. In [34], Mangasarian provided nonasymptotic
dual characterizations of the containment of a polyhedral set in another polyhedral set and the containment
of a closed convex set in a reverse-convex set, defined by finitely many convex constraints. In [21], Jeyakumar
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established asymptotic dual characterizations of the containment of a closed convex set, defined by infinite-
ly many convex constraints, in a reverse-convex/convex set, defined by finitely many convex constraints.
Also, the author derived nonasymptotic dual characterizations of the set containment of a closed convex
set, defined by infinitely many convex inequalities, in a polyhedral set under the Slater condition and an
additional assumption that each linear functional generating the polyhedral set cannot be 0. In this paper,
as applications, we establish nonasymptotic dual characterizations of the set containment in sets defined by
infinitely many inequalities under some weaker assumptions, which extend and improve the corresponding
results in [21].

The other is the Lagrangian duality and Farkas type results for problem (1.2), which are fundamental in
convex optimization and other fields, such as game theory, set containment problems, etc. The literature on
these areas is very rich (see e.g. [6, 7, 12, 17, 20, 21, 33]), but few for semi-infinite programming except the
work of Fang et al. [12], where they characterized the Lagrangian duality and Farkas lemma for semi-infinite
programming in terms of epigraphs of the conjugate functions of the involved functions. In this paper,
applying our main results on FM qualification for system (1.1), we establish some sufficient conditions for
ensuring the strong Lagrangian duality and Farkas lemma, which seem new as far as we know.

The paper is organized as follows. In Section 2, we present the notations and preliminary results used
in this paper. In Section 3, we establish some sufficient conditions to ensure the FM qualification for system
(1.1). Applications to the set containment characterization, strong Lagrangian duality and Farkas lemma
are investigated in section 4.

2. Notations and preliminary results. The notation used in the present paper is standard (cf.
[18, 19]). In particular, we consider the n-dimensional Euclidian space R™ and use (z*,z) to denote the
inner product of R”. As usual, we use Ry to denote the subset of R consisting of all nonnegative real
numbers. For a subset Z C R"™, the interior (resp., relative interior, closure, convex cone hull, linear hull,
affine hull) of Z is denoted by intZ (resp., riZ, clZ, coneZ, spanZ, aff 7), and the orthogonal supplement of
Z is denoted by Z= if Z is a subspace. We shall also adopt the convention that coneZ = {0} when Z is an
empty set. The normal cone of Z at zy € Z is denoted by Nz(z9) and defined by

Nz(z0) :={2" € R" : (", 2 — z) <0 forall z € Z}.
The indicator function §z of Z is defined by

0, x € Z,
400, otherwise.

6z(x) = {

For a proper convex function f : R” — R, the domain of f is denoted by domf := {x € R" : f(z) < +oc}.
Then the subdifferential of f at « € domf, denoted by 9f(x), is defined by

0f(x) = {o" €R™: f(2) + (a",y— ) < f(y) for all y €R}.

The epigraph and conjugate of a function f on R™, denoted by epif and f*, are defined respectively by
epif := {(z,7) e R" ' : f(x) <7},

and

fr(x*) :==sup{(z*,z) — f(z) : x € R"} for each 2™ € R™.
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If f and h are proper lIsc convex functions on R", then we have
f<h< f">h"<=epif* Cepih®. (2.1)
In particular, for closed convex sets A and B, the following assertions are well-known:
Na(z) = 004(x) for each x € A,
and

epidy C epidy <= A D B. (2.2)

Let {A; 14 € J} be a system of subsets of R™. The set ), ; A; is defined by

.. . . C ] 1
ZAi _ {ZiEJo a; 1 a; € A;, Jo € J being ﬁnlte} , J#E0D,
ieJ {0}, J=10.
In particular, we adopt the convention that ). ;a; =0 if J = 0.

The following lemma characterizes the epigraph of the conjugate of the sum of two functions; see [12,
Lemma 2.1] and [1, Corollary 2.2].

LEMMA 2.1. Let f,h:R™ — R be proper convex functions. Then
epi (f + h)* Depif* +epih™. (2.3)
Furthermore, the equality holds:
epi(f+h)" =epi f* +epi A", (2.4)

if int(domf) Ndomh # 0 or ri(domf) Nri(domh) # 0.

3. The Slater and FM qualifications. Throughout this paper, we consider a proper convex objective
function f : R® — R and the convex system {C; f; : i € I}, where I is an (possibly infinite) index set, C' C R”
is a closed convex set, and each f; : R” — R is a convex function. The sup-function of the system {f; : i € I'}
is denoted by F' and defined by

F(z) :=sup fi(x) for each x € R™. (3.1)
i€l

We always assume for the whole paper that F' is finite (and so continuous) on R™, and use A to denote the
solution set of system (1.1):

A=0CnNnS§¢, (3.2)
where S is denoted by
S:={zeR": fi(z)<0foraliecl}={zxeR": F(z) <0} (3.3)

Moreover, to avoid the triviality in our study for (1.2), we always assume that domf N A # (.
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Given 2o € R™, we use I(xg) to denote the active index set at xg, defined by
I(xo) :={ieI: fi(xg) =0}. (3.4)
For convenience, we set
Iy = I'\ I(x), (3.5)
and use Fy to denote the sup-function of the subsystem {f; : i € Iy}, that is,

Fy(z) :=sup fi(z) for each z € R". (3.6)
i€ly

In the following definition, we introduce the concepts of Slater type conditions for the system {f; : i € I'}
considered here.

DEFINITION 3.1. Let D and C be two convex subsets of R™. The system {f; :i € I} is said to satisfy

(a) the Slater condition® on D if there exists a point xo € D such that F(xzg) < 0;

(b) the weak Slater condition on D if there exists a point xog € D such that Fy(xo) < 0, I(xo) is finite and
fi is affine for each i € 1(xg);

(¢) the C-quasi Slater condition on D if there exists a point xg € D such that Fo(xzg) < 0, f; is affine for
each i € I(xo) and the following closure condition holds:

cone{df;(x0) : i € I(x0)} + (span(C — x0))™* is closed; (3.7)
(d) the quasi Slater condition on D if it satisfies the R™-quasi Slater condition on D.

A point xg with the property in (a) (resp. (b), (¢), (d)) is called a Slater (resp. weak Slater, C-quasi Slater,
quasi Slater) point of the system {f; :i € I} .

REMARK 3.1. (a) The Slater condition (and the weak Slater condition) is one of the most important
qualifications for convex systems, and has been extensively used in constrained optimization; see e.g. [17, 28,
33]. While the concept of the C-quasi Slater condition is new in the literature, as far as we know.

(b) Clearly, the Slater condition on D implies the weak Slater condition on D. We further have that the
weak Slater condition on D implies the C-quasi Slater condition on D. In fact, if xo € D is a weak Slater
point of the system {f; : i € I}, then I(wg) is finite and cone{df;(x¢) : i € I(z0)} + (span(C — x¢))* is
finitely generated (noting that f; is affine for each i € I(xq) and that (span(C — x¢))* is a subspace); thus
the closure condition (3.7) holds.

(¢c) In the special case when C' = R"™, the closure condition (3.7) is reduced to the following one
cone{df;(xo) : i € I(x0)} is closed, (3.8)

which was introduced in [17], where it is shown that this property is satisfied by specific families of infinite
systems (like Farkas-Minkowski and locally polyhedral systems) which have a mice behavior with respect to
optimality/duality theory. Hence the concept of the C-quasi Slater condition is in the spirit of the closure
condition (3.8).

*This condition is also referred as the “strong Slater condition” in some literature (e.g. [17]).
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Recall that A, defined by (3.2), is the solution set of system (1.1). Following [7], the characteristic cone
K of (1.1) is defined by

K := cone{(epidy) U (Userepifi)}.

Taking into account that epidf, is a convex cone, one has that

K = epidy + cone{U;crepif, } = epids + Z cone(epif;). (3.9)
icl
Note that, in our setting, the involved functions are continuous and the convex set is closed. Note also
that A # () (and so S # () by assumption. It follows from [31, Proposition 4.1] (applied to the systems
{6¢,fi:i €I} and {f; :i € I}) that

epidy = clK and epidg =cl <Z cone(epif{‘)) ; (3.10)
iel
see also [7, (3.1)]. In particular, if C'=R", then one has that epidf = {0} x Ry and
cl (Z cone(epi f;) + {0} x R+> =cl (Z cone(epi ff)) ) (3.11)
i€l iel
(noting that A = 5).

The Farkas-Minkowski (FM) type qualification was introduced in [4], which plays an important part
in linear semi-infinite programming, and has been extensively developed by many authors in establishing
optimality conditions, duality and stability for semi-infinite convex programming problems; see e.g. [6, 8,
15, 17, 24]. The definition is described as follows.

DEFINITION 3.2. The system {C; f; : i € I} is Farkas-Minkowski (FM) if K is closed.
By (3.10), the system {C; f; : i € I} is FM if and only if

epid’y = epids + Z cone(epif;)(= K). (3.12)
iel

This condition (called the conical EHP therein) was introduced by Li et al. [31] to treat the case when the

involved functions are not necessarily lsc and C' is the whole space. Noting that the set on the right-hand side
is contained in the one on the left-hand side, one has the following equivalences for the system {C; f; : i € I}:

FM <= epid} = K <= epidy C K. (3.13)

The following proposition shows that the FM is parallel-invariant.
PROPOSITION 3.3. Let xg € C and consider the system {C; f; : i € I} defined by
C:=C—zy and fz() = fi(- +x9) foreachiel.
Then {C; f; :i € I} is FM if and only if {C; f; - i € I} is FM.
Proof. By definition, one checks that

epidy, = {(z",a) € R" x R: (27, a0 + (7, 0)) € epidc},
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and
epifi = {(z*,0) € R" x R : (", a + (a*,x0)) € epif}} for eachi e I.

Thus, it is trivial to check by (3.9) that K is closed if and only if so is the set K := epioy, +3 ;s cone(epify).
This completes the proof. O

Consider a metric space I (with the metric d). Recall that a function h : I — R is upper semicontinuous
at ig € I if for any € > 0, there exists some § > 0 such that

h(i) < h(ig) + € for all ¢ with d(4,49) <,

and that h is upper semicontinuous on [ if it is upper semicontinuous at each ¢ € I. It is clear that h is
upper semicontinuous at i¢ if and only if

kﬁ h(ix) < h(ig) for any sequence {ix} C I with iy, — 4. (3.14)
—00

We first have the following useful lemma.

LEMMA 3.4. Consider the system {f; : i € I} of convex functions on R™, where I is a metric space.
Suppose that, for each x € R™, the function i — f;i(x) is upper semicontinuous on I. Then the set-valued
mapping i — epif} is closed in the sense that, for any sequence {iy} C I, the relations iy, — iy for some
io € I and (hi,,mi,) — (ho,no) with each (hi,,ni,) € epif;: imply that (ho,mno) € epif; .

Proof. Let {ix} C I and {(hi,,n:,)} C R™ x R be sequences with each (h;,,n;,) € epif; such that
ir — ip and (hy,,m;,.) — (ho,no) for some ig € I and (hg,n9) € R™ x R. Fix 2 € R". Then

(i, x) — fi, (x) <y, for each k € N.
Passing to the limit and applying the upper semicontinuity assumption (cf. (3.14)), we obtain that
(ho, ) — fio(x) < (ho, ) — k@o fir (2) < mo.
This shows that (hg,no) € epi fi since xz € R™ is arbitrary, and the proof is complete. O

Let Z be a linear subspace of R™. For a proper function h : R® — R, we use h|z to denote the restriction
of h on Z. For a proper function h : Z — R and a subset D C Z, to avoid confusion, we denote the epigraph
of the conjugate function h* on Z and interior of D relative to Z by epi,h* and intz D, respectively.

LEMMA 3.5. Let Z be a linear subspace of R™ such that C C Z and suppose that the system {C; fi|z :
i €I} on Z is FM. Then the system {C; f; : i € I} on R™ is also FM.

Proof. Recall that A is the solution set of system (1.1). Then, by assumption (C' C Z), we see that A
coincides with the solution set of the convex system {C; f;|7 : i € I} on Z, that is,

A={zeC:(filz)(z) <0,Vi €I}.

By (3.13), we only need to verify that epié’ C K. To prove this, let (z*, @) € epid%. Then (z*|z, ) € epi,d%.
By the assumption that {C; f;|z : i € I} is FM, it follows from (3.13) (applied to the system {C; f;|z : i € I'}
on Z in place of {C; f; : i € I'}) that

epiy 0y = epizdos + Zcone(epiz(fi|z)*).
iel
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Therefore, there exist a finite set J C I, {\;}jes C Ry, {(Z],5)}jes € Z* x R and (3%,7) € Z* x R, with
(0%,7) € epizde and (T}, ) € epiy(fj|lz)" for each j € J,

such that

(] z,0) = (T 7) + D Ni(E5, ). (3.15)
jeJ
Fix j € J and let 27 € R" be an extension of &} to R™. Then one checks by definition that
(z},0;) € epi(f; +dz)" =epi f; +epidy =epif] + Zt xRy, (3.16)
where the first equality holds due to (2.4). Similarly, letting v* € R™ be an extension of o* to R™, one has
that (v*,7) € epidf. Write
¥ =" - — Z)\jx;ﬂ
jed
Then #* € Z+ due to (3.15), and thus
(2%, @) = (#%,0) + (v",7) + D Aj(a}, @) € Z* x Ry + epid( + ) cone(epi f7),
jeJ jed
which follows from (3.16). Noting that Z+ x R is clearly contained in epidy,, we have that
(z*,a) € Z+ x Ry + epidy, + Zcone(epi f;) Cepide + Zcone(epi 1) =K.
jeJ il
Hence the inclusion epid’; C K is proved since (z*,a) € epid? is arbitrary, and the proof is complete. O

Let D be a closed convex subset of R™. We say the system {f; : i € I} satisfies USC on D if the
following condition holds for each z € D:

USC: [ is a compact metric space, and the function ¢ — f;(z) is upper semicontinuous on I.

It immediately follows that the assumption of the USC on D implies that the set {i € I : f;(z) = F(x)}
is non-empty and compact for each x € D.

The first main theorem in this section is presented as follows, which shows that the Slater condition
implies the FM qualification under the USC assumption of the system {f; : i € I'}. This result is the basis
for proving Theorem 3.10.

THEOREM 3.6. Suppose that the system {f; : i € I} satisfies USC on affC' and the Slater condition on
C. Then the system {C; f; :i € I} is FM.

Proof. By assumption, we choose a Slater point xo € C' for the system {f; : i € I'}. Define

C:=C—x, fi(-):=fi(-+mx) foreachiel.

Then one can easily check by definition that the system { firiel } satisfies USC on affC' and the Slater
condition on C. Therefore, by Proposition 3.3, we may assume, without loss of generality, that zg = 0.
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Denote Z := span(C — zg) (= span (). Then, by Lemma 3.5, it suffices to prove that the new system
{C; filz :i € I} on Z is FM, that is,

epiy 0% = epizds + Z cone(epiz(filz)*). (3.17)
icl

Note that zo = 0 is also a Slater point of the new system {f;|z : ¢ € I}. Let
S:={z€Z:filz(z)<0Viel}=SnZ.

Then A = SNC and 2o € C NintzS because F is continuous and F(zo) < 0. Thus, we apply Lemma 2.1
(cf. (2.4)) on Z to conclude that

epiy 0% = epiy(0c +d5)" = epizdf + epiyd.
To establish (3.17), it suffices to show that

epiz65 C ) cone(epiz(filz)") + epizdg,

iel
or equivalently (by (3.10)),
cl (Z cone(epiz(fi|z)*)> - Zcone(epiz(fi|z)*) + epizdc. (3.18)
iel i€l
To prove this, let (u, ) € R™ x R and a sequence { (i, ax)} € Do, cone(epiz(fi|z)*) be such that
(ke ) = (p, ). (3.19)
We need to verify that
(1:0) € 3 conelepiz (fil2)") + epiz5t. (3.20)
iel

Fix an index k € N. By [36, Corollary 17.1.2], (u, ) can be represented as

(k) = Y (1 05), (3:21)
jeJk
where J* := {j¥ ... jF 1 C I,
P 1= )\jqchjgc and Qjk 1= )\j{cnjgc, (3.22)

(hjr,mjr) € epiz(fix|z)" and Ajr >0 foreachi=1,2,...,n+1.
Set J={1,2,--- ,n+ 1} and fix i € J. Then
ok = Ny (flz)" (hyr) 2 A (F|2)" (e ), (3.23)
where F' is the sup-function defined by (3.1). This, together with the definition of (F|z)*(h,x), implies that

J

QK 2 )\jf(<hjf’x0> — F|Z($Q)) = *>\ij|2($0) >0 (324)

23 -
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Since by (3.19) and (3.21),

kli)n;oZaﬁ = kli)n;o o = q, (3.25)
ieJ
it follows that there exists @ > 0 such that
0<a; <a forany pair (i,k) € J x N. (3.26)

Denote Ay = S Ajk. Then, we conclude from (3.24) that —F|z(xo)Ar < St a;s. Noting that
—F|z(x0) > 0 and using (3.25), we have that {A} is bounded; hence

the sequence {A;r} is bounded for each i € J. (3.27)
We set Jy := {i € J : {h;r} is bounded} and Jp := J\ Ji. Then, by (3.22) and (3.27), we have that
the sequence {;r} is bounded for each i € Ji,
Below we show that
klin;o pje = 0 for each i € J. (3.28)

To do this, let i € Jo. Then the sequence {h;x} is unbounded. By (3.22) and (3.23), we conclude that

. (|2 .
aje > N (Flz)"(hys) = ”hﬂ_; i (Flz)*(he). (3.29)
Ji
Without loss of generality, we may assume that limg o [|h;x|| = co. By assumption, F' is finite on R", and

so F|z is finite on Z (also by the USC assumption on Z). It follows from [19, p220, Proposition 1.3.9] that
(F|z)* is 1-coercive, that is, lim| ;| oo Flz) @) _ 4, This, together with (3.26) and (3.29), implies that

[E]]
limy, o gt = 0, and assertion (3.28) is proved. Thus, without loss of generality, we assume that

Jr = i, e = Wi, Qe = g, )‘jﬁ“ — \; foranyielJ, (3.30)
and
hjik, — h; for any i € Ji. (3.31)
Then, by (3.22), (3.26) and (3.28), we have
a; >0, X >0 foranyiéclJ, (3.32)

and

)\ihi; i€ Jy.
i = . 3.33
s { 0, i€ Js. ( )

Furthermore, denoting Jy := {i € J; : A\; > 0}, we have that

ik = 1 = % for any i € Jp. (3.34)

2
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By (3.21) and (3.22), we obtain

(pr, ag) = Z )‘jf (hjfvnjf) + Z(Njfaajf)-

ieJo i¢Jo

Setting & := > «a; > 0 (see (3.32)) and taking the limit, we conclude from (3.30)-(3.34), together with
i¢Jo
(3.19), that

(o) = > Xihiymi) + (0, 6) (3.35)
ic€Jo

(noting that p; = 0 for any i ¢ Jy by (3.33)). By the assumption that the system {f; : ¢ € I'} satisfies USC
on Z, Lemma 3.4 is applicable to concluding that (hs,n;) € epi,(f;,|z)* for each ¢ € Jy. Thus (3.35) implies
that

(1, @) € Y cone(epiz(filz)") + {0} x Ry C ) cone(epiz(fil2)") + epizd¢.
iel iel

Therefore, conclusion (3.20) holds and (3.18) is shown. The proof is complete. O

In particular, when [ is a finite index set, the assumption that {f; : ¢ € I} satisfies USC on affC holds
automatically. Thus, we obtain the following corollary, which extends [21, Propositions 6.1 and 6.2] for the
special case when I := {0} is a singleton and C := R™.

COROLLARY 3.7. Suppose that the finite system {f; i =1,...,m} satisfies the Slater condition on C.
Then the system {C; f; 1 i € I} is FM.

Let Z be a linear subspace of R™, and let Pz denote the projection operator on Z. Then the operator
Py is linear. We do not know whether the following lemma is known or not; hence we provide the proof here
for the sake of completeness.

LEMMA 3.8. Let Z be a linear subspace of R™ and D C R™ be an arbitrary set. Suppose that D+ Z* is
closed. Then Pz(D) := {Pz(x):x € D} is also closed.

Proof. Let zp € R™ and {2} C Pz(D) be such that
2k — 20- (3.36)
Then there exists a sequence {x;} C D such that z; = Pz(x)). Denote
rp = 2z, + 2zt for each k € N, (3.37)

where 2 := Pyi(x1). Note that (3.37) implies that {2z} € D + Z+, and then (3.36) and the assumed
closeness of D 4+ Z1 imply that zg € D 4+ Z*. Thus, there exist some x € D and y € Z+ such that

20 =2+ y. (3.38)

Furthermore, due to {2z} C Pz(D) C Z, (3.36) implies that zg € Z, and by (3.38) one has zp = Pz(2) =
Pz (z). Thus, we prove that zg € Pz(D) and the proof is complete. O

PROPOSITION 3.9. Let {f; : i € I} be a linear system (i.e., each f; is affine). Suppose that there exists
some xg € riC such that fi(zo) =0 for each i € I and (3.7) holds. Then the system {C; f; :i € I} is FM.
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Proof. As in the proof of Theorem 3.6, we assume, without loss of generality, that zop = 0. Then,
fi:(0) = 0 for each i € I, and thus each f; can be expressed as f;(-) = {(a;, ), where each a; € R". Clearly,
Ofi(xo) = {a;} for each i € I. Let D := cone{a; : i € I}, Z := span(C — z¢) (= spanC) and @, := Pz(a;) for
each i € I. Then (3.7) reduces to the condition that D + Z is closed. Since further the projection operator
is linear, then cone{@; : i € I} = Pz(D) and it follows from Lemma 3.8 that

cone{d; : ¢ € I'} is closed. (3.39)
Moreover, it is easy to verify that
filz(:) = (a;,-) foreachiel,
and that

Zcone(epiz(fi\z)*) + {0} x Ry =conef{d; : i € I} x R,.
iel
This, together with (3.39), implies that the system {Z, f;|z : ¢ € I} is FM (on Z). Hence, by (3.13), we have
epiydg = Zcone(epiz(fi|z)*) + {0} x R4, (3.40)
el

where S := {2 € Z: fi|z(2) <0,Yi € I} = SN Z. By the assumptions that A = C NS and z¢ € S Nint,C
(due to zp € riC and Z = span(C — zp)), (2.4) implies that

epizd7 = epiz(dg + dc)” = epizdc + epizdg.
Thus, by (3.40), the following equality holds:
epiz 6% = epiz0f + > cone(epiz(filz)*) + {0} x Ry = epi 5 + »  cone(epiz(filz)®),
i€l i€l

and it follows from (3.13) that the system {C; f;|z : i € I} on Z is FM. Consequently, the system {C; f; :
i € I} is FM due to Lemma 3.5, and the proof is complete. O

Extending Theorem 3.6, the following theorem demonstrates that the C-quasi Slater condition implies
the FM qualification under the USC assumption of the system {f; : i € I'}.

THEOREM 3.10. Suppose that the system {f; : i € I} satisfies USC on aff C and the C-quasi Slater
condition on riC. Then the system {C; f; i € I} is FM.

Proof. Let xy € riC be a C-quasi Slater point of the system {f; : ¢ € I}. Recall that I(x) is the
active index set at xg defined by (3.4) and Iy = I\ I(xg) is defined by (3.5). We assume, without loss
of generality, that I(xg) # () (otherwise, the C-quasi Slater condition is reduced to the Slater condition).
Denote [ := cl(lp). Then I C I is also a compact metric space. For each i € I, define ﬁ :R™ - R by

fi(z) :=sup {hill-fjk (x) : sequence {j;} C Iy, jr — z} for each z € R" (3.41)

ifielnI (z9); and ﬁ = f;, otherwise. Clearly, f; is convex and finite on R™, because the sup-function F
is finite. Consider the new system {C; f; : ¢ € I} with its solution set denoted by Ap. Below, we show the
following assertions:



C. LI, X. P. ZHAO AND Y. H. HU 13

(a) For any i € I, we have f;(z) < fi(z) for each z € affC.
(b) The system {f; : i € I'} satisfies USC on affC.
(c) The system {f; : ¢ € I} satisfies the Slater condition on C.

Indeed, assertion (a) is a direct consequence of the definition of system { ﬂ ciel } and the assumption that
the system {f; : i € I'} satisfies USC on affC. To show assertion (b), let x € affC, iy € I and a sequence
{jx} C I be such that ji — ip. We only need to prove that

lim f, (x) < fio () (3.42)

(by the equivalent condition (3.14) of upper semicontinuity). If ig € I, we have that f;, (z) = fi,(z) by
definition; hence assertion (a) and the assumption that the system {f; : i € I} satisfies USC on affC' imply
that

that is, (3.42) is proved. Now, we consider the case when iy € InI (zo). Without loss of generality, we
assume that limy f;, (z) exists and

lillcrn fio(x) = lim fj, (x) (3.43)

(otherwise, one can choose a subsequence satisfying (3.43)). Furthermore, we may assume that {jz} € I N
I(x0) (otherwise, {jx} contains a subsequence, denoted by itself, such that {ji} C Iy, and then limy, fj, (x) =
limy, f;, (z) < fi, () by (3.41)). For each k € N, since j), € I N I(xo), it follows from (3.41) that there exists
some i € Iy such that

fula) = fiu(w) — ¢ and d(ig) < 1.

Noting that jr — 79, one checks that i — i and

lim f, () < Tm f (@) < fig(@):

Thus (3.42) holds (noting (3.43)), and assertion (b) is established. To check assertion (c), noting that
I = cl(Ip) and (3.41), one obtains that

F(z) := sup fi(z) = sup fi(z) = sup fi(z) for each z € affC. (3.44)
icl i€lp i€lp

Since g € riC' is a C-quasi Slater point of the system {f; : ¢ € I'}, one has that Fy(z¢) < 0 (by (3.6)). This,

together with (3.44), implies

F(z0) = sup fi(zo) = sup f;(zo) < 0.
icl i€l

Hence g is a Slater point of the system {f; : i € I'}, and assertion (c) is then shown. Therefore, applying
Theorem 3.6 to the system {f; : ¢ € I}, one has that

epié}o = epidy + Z cone(epif;). (3.45)
iel
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Denote
So:={zxeR": filz) <0,Viel} and Sy:={zeR": fi(x)<0,Viel}. (3.46)
Then Ay = C'N Sy, and by (3.44), we obtain

CNSy={xeC:Fx)<0}={xeC:supfi(r) <0} =CNSp.

ielo
Hence,
Ag=CnNSy=CnS, C Sp. (3.47)

Moreover, for each i € I, assertion (a) implies that

fi<fi+dc < fit+ic,
and it follows from (2.1) and (2.4) that

epif; C epi(fi +dc)* C epi(fi +dc)* = epide: + epif;.

This, together with (2.2), (3.45) and (3.47), implies that

epidg, C epiéﬁi0 C epids + Zcone(epifi*). (3.48)
icl

(Note that this inclusion doesn’t require the assumption that o € riC'). Let A; denote the solution set of
the system {C; f; : i € I(zg)}, that is,

Ay ={zeC: fi(x) <0,Viel(xy)}

Then, A = Sy N A;y. Since Sp = {x € R™ : Fy(x) < 0} by (3.46) and Fy(z) < 0 as noted earlier, we further
have that z¢ € intSo N A1 (as Fy is finite on R™ by assumption). Thus, by (2.4), one has

epid}y = epi(ds, +04,)" = epidg, + epidy, . (3.49)
Moreover, Proposition 3.9 says that the system {C; f; : i € I(xo)} is FM, that is,

epid}y, = epids + Z cone(epi f). (3.50)
i€l(xo)

Combining (3.48), (3.49) and (3.50) yields that

epid’y C epids + Z cone(epi f7).
iel

This shows that the system {C; f; : ¢ € I} is FM, and the proof is complete. O
The proof of Theorem 3.10 actually verified the following remark, which will be useful in the next section.

REMARK 3.2. Under the assumption that the system {f; : i € I} satisfies USC on aff C and the C-quasi
Slater condition on C. Then the following inclusion holds:

epidg, C epidy + Y _ cone(epif;),
el
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where Sp :={x € R™: fi(x) <0,Vie I\ I(xg)}.
By Remark 3.1 (b), the following corollary is a direct consequence of Theorem 3.10.

COROLLARY 3.11. Suppose that the system {f; : i € I} satisfies USC on affC and the weak Slater
condition on riC. Then the system {C; f; : i € I} is FM.

As noted earlier, when [ is finite, the USC assumption holds automatically and we conclude the following
corollary, which further extends and improves Corollary 3.7 and [21, Propositions 6.1, 6.2].

COROLLARY 3.12. Suppose that the finite system {f; i =1,...,m} satisfies the weak Slater condition
on riC. Then the system {C; f; :i € I} is FM.

Recall from [28] (also one can refer to [31]) that the system {f; : ¢ € I'} satisfies the BCQ relative to C if

Na(x) = No(z) + cone U Ofi(xz) for each x € A.
iel(x)

It was proved in [28, Corollary 3.7] that if the system {f; : ¢ € I'} satisfies USC on the whole space and the
weak Slater condition on riC, then it satisfies the BCQ relative to C. In the finite dimensional space, the
following corollary extends this result in two folds: one is that the weak Slater condition can be weakened
to the C-quasi Slater condition, and the other is that the USC holds only on affC rather than the whole
space.

COROLLARY 3.13. Suppose that the system {f; : i € I} satisfies USC on affC' and the C-quasi Slater
condition on riC. Then the system {f; : i € I} satisfies the BCQ relative to C.

Proof. By Theorem 3.10, the system {C; f; : i € I} is FM. Noting (3.12), it is equivalent to that the
system {0¢; f; : @ € I'} satisfies the conical EHP. Then, it follows from [31, Theorem 4.1 (ii)] that the system
{fi : i € I'} satisfies the BCQ relative to C' and the proof is complete. O

We end this section with two examples: the first one provides a convex system that has a C-quasi Slater
point but does not have any weak Slater point, and the second one gives a convex system that satisfies USC
on affC but not on R”.

EXAMPLE 3.1. Let I :=[—1,1], C =R and the system {f; : i € I} on R be defined by
iz, ie[-1,0]
fi(x) {ix—L ie(0,1] or each = €

Then, S = [0,1] and the system {f; : i € I} satisfies USC on R, that is, the function i — f;(z) is upper
semicontinuous on R. Let z¢ := 0. Then I(z) = [—1,0], and the corresponding sup-function Fj is given by

rz—1, x>0
Fo(z):= sup fi(z)= { ’
( ) i€I\I(zo) ( ) -1, z<0

for each x € R.

This means that Fj is continuous and Fy(xzg) < 0. Note further that f; is affine and 9f;(z¢) = i for each
i € I. Thus, we have that cone{df;(xg) : i € I(xg)} = (—00,0] is closed. This shows that 2o = 0 is a quasi
Slater point of the system {f; : ¢ € I'} on R, and hence Corollary 3.13 is applicable to concluding that the
system {f; : i € I} satisfies the BCQ. However, 2o = 0 is not a weak Slater point. Below we show that the
system {f; : i € I} does not satisfy the weak Slater condition on R, and thus [28, Corollary 3.7] cannot be
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applied. In fact, when zq € (0,1],

[ {0,1}, x0=1,
Izo) = { {0}, OO< zo < 1.

Clearly, Fo(xzo) = 0. Therefore, any z( € [0, 1] is not a weak Slater point of the system {f; : i € I'} and the
system does not satisfy the weak Slater condition on R.

EXAMPLE 3.2. Let I :={0,1,,---,4,---}, C :=[-2,0] x {1} and the system {f; : i € I} on R? be
defined by
tl +t2, 1:0 2
i = fi h = (t ,t R~.
fil@) { bodits, ien\foy oreachT=(ht)e

Then, affC = R x {1} and the system {f; : i € I'} satisfies USC on affC but not on R? (e.g. at (—1,—1)).
Thus, [28, Corollary 3.7] cannot be applied, despite we show below that the system {f; : i € I'} satisfies the
weak Slater condition on riC. To show this, set xg := (—1,1). Then zg € riC, I(z¢) = {0, 1} and Fy(zo) < 0.
Since f; is linear for each i € I, it follows that ¢ is a weak Slater point of the system {f; : ¢ € I'}. Therefore,
Corollary 3.13 is applicable to concluding that the system {f; : ¢ € I} satisfies the BCQ relative to C.

4. Applications. The main aim of this section is to apply our preceding results to some typical prob-
lems, including set containment characterization, duality problems and Farkas lemma.

4.1. Set containment characterization. Let {f; : i € I} and {g; : j € J} be two systems of functions
on R™. The set containment problem is to seek conditions to characterize the following inclusion:

{x eR": fi(z) <0O,Viel} C{zeR":g;(z) <0,V jeJ}

Throughout this subsection, we assume that I, J are arbitrary index sets (possibly infinite), {f; : i € I} is a
system of finite-valued convex functions and {g; : j € J} is a system of finite-valued DC functions (difference
of two convex functions) on R™ with each g; defined by

gj :=; —; foreach je J,

where {¢; : j € J} and {¢; : j € J} are systems of finite-valued convex functions on R™. The objective of
this subsection is to establish dual characterizations for these kinds of set containment, both asymptotic and
nonasymptotic types. As corollaries, we also provide dual characterizations for the above inclusion when
{g; : j € J} is a system of affine, convex or concave functions, respectively.

The equivalence between (i) and (ii) in the following theorem was described by Jeyakumar in [21,
Theorem 4.2] only for the case when the index set J is finite. Here we extend the corresponding result
into infinitely many constraints and establish the nonasymptotic dual characterization (iii) under the USC
assumption and the quasi Slater condition.

THEOREM 4.1. Consider the following statements:
Q) {xeR": fi(z) <0,Viel} C{zeR":g;(x)<0,VjeJ};
(ii) for each j € J,

epi ¢} C epit)} +cl <Z cone(epi f:)) ;

i€l
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(iil) for each j € J,

epip; C epit; + Z cone(epi f7).
iel
Then (i) < (ii). In addition, if the system {f; : i € I} satisfies USC and the quasi Slater condition on R™,
then (i) < (ii) < (iii).

Proof. Recall that S is defined by (3.3) and let H; := {z € R" : p,(x) — ¢;(x) < 0}, for each j € J.
Then we have the following equivalences:

(i) & SCH; foreachjelJ,
< @; <Y +ds foreach je J, (4.1)
& epip; Cepi(y; + dg)*  for each j € J,

where the last equivalence holds due to (2.1).

On the other hand, since, for each j € J, v; is a finite convex function on R", then it is continuous.
Thus it follows from (2.4) that

epi(y; + ds)* = epiy)] + epidg. (4.2)

Moreover, by (3.10), one has

epidg = cl (Z cone(epi fz*)) . (4.3)

icl

Consequently, (4.2) and (4.3) imply that

epi(y; + ds)™ = epiy} +cl (Z cone(epi ff)) for each j € J. (4.4)

iel
Therefore, by (4.1) and (4.4), we establish the equivalence between (i) and (ii).

In addition, if the system {f; : ¢ € I} satisfies USC and the quasi Slater condition on R™, then it follows
from Theorem 3.10 that the convex system {R"™, f; : i € I'} is FM. Then, by (3.11), we have

epiy} + cl <Z cone(epi ff)) = epi¢); + Zcone(epi [7) +{0} x Ry = epiyyj + Z cone(epi f7).

i€l i€l i€l
Thus, we arrive at the equivalence between (ii) and (iii). The proof is complete. O

Restricted g; to be affine, the following corollary, extending [21, Theorem 3.2 and Theorem 3.5], provides
the dual characterization of the set containment of a closed convex set in the intersection of infinitely many
half-spaces. The equivalence between (i) and (ii) in the following corollary was given in [21, Theorem 3.2]
only when the index set J is finite. Furthermore, when J is finite, the equivalence between (i) and (iii) for
the case u; # 0 for each j € J was shown in [21, Theorem 3.5] under the Slater condition on R™ of the
system {f; 14 € I}.

COROLLARY 4.2. Let u; € R" and a; € R for each j € J. Consider the following statements:
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i) {zeR": fi(x) <0,Viel} C{zeR": (uj,z)<a;VjecJ};

(ii) for each j € J,

(uj,a;) €cl (Z cone(epi ff)) ;

iel

(iil) for each j € J,
(uj,a;) € Zcone(epi 1) +{0} x Ry.
iel
Then (i) < (ii). In addition, if the system {f; : i € I} satisfies USC and the quasi Slater condition on R™,
then (i) < (ii) < (iii).
Proof. For each j € J, by taking ¢;(-) := (u;,-) — a; and ¥¢; := 0, epip} = {u;} X [a;,+00) and
epiyy; = {0} x R. Hence by (3.11), one sees that statement (ii) of Theorem 4.1 is reduced to

epi; C {0} x Ry +cl <Z cone(epi ff)) =cl (Z cone(epi f;‘)) . (4.5)

i€l iel
Thus (i)<(ii) is seen to hold by Theorem 4.1. Furthermore, the equivalence between (ii) and (iii) follows
from (3.11) and Theorem 3.10. O

In the special case when each g; is concave/convex, the following corollaries present the dual charac-
terizations of set containment of a closed convex set in a reverse-convex/convex set with infinitely many
constraints. When the index set J is finite, the equivalences between (i) and (ii) were obtained in [21,
Theorem 4.1] and [21, Corollary 4.3], respectively. Another improvement is that the nonasymptotic dual
characterizations (iii) are given under the USC and quasi Slater condition.

COROLLARY 4.3. Consider the following statements:
() {zeR™: fi(z) <0,Viel} C{z eR":¢;(x) >0,V j € J};
(ii) for each j € J,
0 € epit)] +cl <Z cone(epi f:)) :
icl
(iii) for each j € J,

0 € epiy)] + Z cone(epi f7).
il

Then (i) < (ii). In addition, if the system {f; : i € I} satisfies USC and the quasi Slater condition on R™,
then (i) < (ii) < (iii).

Proof. For each j € J, by taking ¢; = 0, epip] = {0} x R;. Hence by Theorem 4.1, statement
(i) is equivalent to that {0} x Ry C epit} + cl (3, cone(epi f7)), which by definition is equivalent to
0 € epi9} + cl (32, cone(epi f;)), for each j € J. Similarly, the equivalence between (ii) and (iii) follows
from (3.11) and Theorem 3.10. O
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The proof of the following corollary uses a line of analysis similar to that of Corollary 4.3, by taking
1; = 0 for each j € J.
COROLLARY 4.4. Consider the following statements:
(i) {zeR": fi(z) <0O,Viel} C{z eR":p;(x) <0,V jeJ};

(ii) for each j € J,

epip; Ccl (Z cone(epi f;‘)) ;

icl
(iil) for each j € J,
epig; C Zcone(epi ) +{0} x Ry.
iel
Then (i) < (ii). In addition, if the system {f; : i € I} satisfies USC and the quasi Slater condition on R™,
then (i) < (ii) < (iii).

Proof. Let j € J and 1; := 0. Then epiy); = {0} x Ry. Hence, the equivalence between (i) and
(ii) follows from Theorem 4.1 and (4.5), and the equivalence between (ii) and (iii) follows from (3.11) and
Theorem 3.10. O

4.2. Strong Lagrangian duality and Farkas lemma. The objective of this subsection is to provide
some sufficient conditions for ensuring the strong Lagrangian duality and Farkas lemma. Following [2], we
use RD to denote the space of real tuples \ = (M\i)ier with only finitely many A; # 0, and let Rg) denote
the nonnegative cone in RM | that is,

R = {(Ai)@ e RW : \; > 0 for each i € I} .

Use (Py) to denote the problem (1.2) and recall that f is a proper convex function satisfying domf N A # (.
Define the Lagrangian function Ly on R" x R(B by

Li(z,\) = f(z) + Z Aifi(x) for each (z,)\) € R™ x RSP.
icl
Then the Lagrangian dual problem of (Py) is given by

Maximize inf Ly(z, ),
zeC

(Dy)
d subject to X € Rf).

We denote by v(Py) and v(Dy) the optimal objective values of (Py) and (Djy) respectively. We say that the
strong Lagrangian duality between (Py) and (Dy) holds if v(Pf) = v(Dy) and the dual problem (Dy) has
an optimal solution.

Recall that the system {f,d¢; fi : i € I} is said to satisfy the Farkas rule if, for each « € R, it holds that

[f(z) > a, V2 € 4] — EIAGR&LI) s.t. f(x)—i—Z)\ifi(;v)zanEC .
icl
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The relations between the Lagrangian duality, the Farkas lemma and constraint qualifications were detailedly
studied in [12, Theorem 4.4, Corollary 5.3]. Here we restate them as the following proposition, which will
be used in the sequel.

PROPOSITION 4.5. Suppose that the system {f,dc; fi : 4 € I} satisfies

epi(f + 6A)* - U epi <f + (50 + Z)\l'ﬁ) . (46)

Aer(Y i€l

Then the strong Lagrangian duality between (Py) and (Dy) holds and the system {f,dc; fi i € I} satisfies
the Farkas rule.

THEOREM 4.6. Suppose that the system {f; : i € I} satisfies USC on affC' and the Slater condition on
domfNC. Then the strong Lagrangian duality between (Py) and (Dy) holds and the system {f,0c; fi : i € I'}
satisfies the Farkas rule.

Proof. Since the system {f; : i € I} satisfies the Slater condition on domf N C, there exists a point
xo € domf N C such that F(z() < 0; hence z¢ € domf NC N (intS). Thus, applying (2.4) (to f + Jc and dg
in place of f and h), we have

epi(f +3da)" = epi(f + dc +ds)" = epi(f + dc)" + epids. (4.7)
On the other hand, A C S implies (cf. (2.2))
epidg C epidy, (4.8)
and Theorem 3.6 implies
epid}y = epidy + ), cone(epif;’), (4.9)
Then, combining (4.7)-(4.9), and applying (2.3), one has

epi(f +0a)* Cepi(f+0c)" +epids + >,y cone(epif;)

i * 4.10
S Userepl (f+0c+ i Nifi) (4.10)

Thus, (4.6) in Proposition 4.5 is verified and the conclusion follows from Proposition 4.5. O

THEOREM 4.7. Suppose that the system {f; : i € I} satisfies USC on affC and the C-quasi Slater
condition on riC. Furthermore, suppose the following condition holds:

epi(f +64)" = epif” + epid}. (4.11)

Then the strong Lagrangian duality between (Py) and (Dy) holds and the system {f,éc; fi i € I} satisfies
the Farkas rule.

Proof. By Theorem 3.10, one has

epidy = epids + Z cone(epif;).
iel
This, together with (4.11) and (2.3), implies that
epi(f +04)* = epif* + epidy + D,  cone(epif;)
C UxeRg)epi (f+0c+ e  Mifi) -
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Thus, the conclusion follows from Proposition 4.5. O

The following theorem shows that if we replace the C-quasi Slater condition in Theorem 4.7 by the weak
Slater condition on ri(domf N C), the assumption (4.11) in Theorem 4.7 can be dropped. For the sake of
completeness, we present the following proposition, which is a restatement of [36, Theorem 28.2] in terms of
the weak Slater condition if inf,ec 4 f(2) # —o0, and holds trivially otherwise.

PROPOSITION 4.8. Let I be finite and suppose that the system {f; : i € I} satisfies the weak Slater
condition on riC. Suppose further that C C domf. Then the strong Lagrangian duality between (Py) and
(Dy) holds.

THEOREM 4.9. Suppose that the system {f; : i € I} satisfies USC on affC and the weak Slater
condition on ri(domf NC). Then the strong Lagrangian duality between (Py) and (Dy) holds and the system
{f,d0¢c; fi 1 i € I} satisfies the Farkas rule.

Proof. Let z¢ € ri(domf N C) be a weak Slater point of the convex system {f; : i € I} and let I:=
{io} UI(zo), where ig ¢ I is an index, and I(x¢) is the active index set defined by (3.4). Consider the finite
system {f; : i € f} with f;, := Fp, where Fy is the sup-function defined by (3.6). Then z € ri(domf N C)
is also a weak Slater point of the finite system {f; : i € I}. Clearly, A= {x € C : f;(z) < 0,Vi € I}. Given
p € R™, consider the following convex optimization problem:

Minimize f(x) — (p, z),
Pis_p) subject to  f;(z) <0, i eI,
z e,

and its corresponding Lagrangian dual problem:

Maximize 1122 (f(x) - <pa (E> + Zlef )\lfl(x)) )

D¢r_ R
=) subject to A € Ri.

Denote C' := C' Ndomyf. Then problems Py_p) and D;_,y are equivalent to

Minimize  f(z) — (p, z),
subject to  f;(z) <0, i eI, (4.12)
x e,

and

Maximize —inf (f(z) — (p,x) + 3,07 Aifi(2)),
zeC (413)
subject to A € Ri,

respectively. Applying Proposition 4.8 (to {C’, fiiie f} in place of {C, f; : i € I}), we conclude that the
strong Lagrangian duality between (4.12) and (4.13) holds for each p € R™. Hence, the strong Lagrangian
duality between P(s_p) and D;_, holds for each p € R™. This, together with [12, Theorem 5.2}, implies
that

epi(f +d4)" = J epi | f+dc+D Nifi] - (4.14)

AERL iel
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Let Sop:={z e R": fi(x) <0,VieI\I(xog)}. Then by assumption Remark 3.2 is applicable and so we
have that

epidy, C epids + Z cone(epif;), (4.15)
i€l

Since fi, = Fp < ds,, it follows from (2.1) that cone(epif; ) C epidg . Hence

cone(epif;) C epidg, C epids + Z cone(epif;). (4.16)
iel

Furthermore, for each A € Ri, one uses (2.4) and (4.16) to get that

epi (£ + 80+ Liep ifi) = Ngepifi, +epi (400 + Dicsan Mifi)
C epids + Y ;o cone(epif;) + epi (f + 00+ X ier(zo) /\ifi> (4.17)
C U/\€R<+I>epi (f 400+ ier Mfi) "

where the last inclusion is because of (2.3). Thus, combining (4.14) and (4.17) gives that

*

epi(f+04)" C | epi|f+dc+ Y Nfi

Aer(Y) icl

Hence (4.6) holds, and the conclusion follows from Proposition 4.5. The proof is complete. O
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